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NOTATION 
1. a,b = fluctuations in A and B 
2. A,B = arbitrary quantities 
3. A,B = means of A and B 
3 4. C = volume L 
5. d = particle size or length characteristic 
of bed L 
6. = diameter of tube or bed L 
'• & = + "x + "y + "z - subscancial 
derivative -
2 -1 8. e = eddy diffusivity for mass L T 
yCT 
9. E = LJ *^au )^ = eddy diffusivity L^ T ^  
-2 
10. Fg = total drag force on system MLT 
11. F = external force per unit mass acting on _2 
® species s LT 
12. F(n') = fraction of total energy of turbulence 
in energy spectrum -
-2 
13. g = acceleration due to gravity LT 
14. G = = mean velocity or shear gradient 
in pores T 
15. h = head loss L 
16. i =  ^= hydraulic gradient -
-2 -1 
17. J = mass flux ML T 
18. K = f(Vg, il), d/Dj.) = constant for a par-
-1 
ticular fluidized system LT 
19. 1 = Prandtl's mixing length L 
20. £ 
o 
= depth of fixed bed L 
21. = depth of expanded bed L 
22. = Eulerian scale of turbulence L 
23. = Lagrangian length scale of turbulence L 
24. m = exponent -
25. mf = subscript denoting condition at minimum 
fluidization -
26. n = expansion coefficient in Richardson 
and Zaki's equation -
27. n' = frequency of sine wave T~ 
28. N = total number of particles in bed -
29. P = pressure intensity ML 
30. P = power dissipated ML 
31. r = distance between two points L 
32. = = Reynolds Number based on 
 ^ unhindered settling velocity 
of particle 
33. Re' = modified Reynolds Number -
34. RgCr) = Eulerian correlation function -
35. rt
 
= Lagrangian correlation function -
36. s = species s -
37. s = mean shear stress ML 
38. t = time T 
39. T = time sufficiently large to obtain aver­
age values of the flunctuations T 
40. 
'^ L 
= Lagrangian time scale of turbulence T 
vii 
-1 41. u = fluctuating velocity LT 
42. u' = root mean square velocity 
fluctuation LT 
43. U = iU^  + jUy + kU^  = velocity vector LT 
— -1 44. U = mean velocity LT 
45. U* = (•^  = friction velocity LT ^  
46. = velocity of propagation of small 
porosity fluctuation LT 
47. V = superficial fluid velocity or velocity 
based on open tube LT 
48. V = unhindered settling velocity of 
® particle LT -1 
49. V' = — = average fluid velocity within . 
 ^ pores of filter LT 
50. x,y,z = Cartesian co-ordinates L 
51. = iron concentration in mg/1 ML ^  
52. X = displacement of fluid particle in time 
t L 
53. y^  = percent transmittance 
54. z = vertical height above some datum L 
Greek Symbols 
—1_—2 
55. a = t^wgKXpg-p^ )] = constant for a par­
ticular fluidized system in optimum 
backwashing theory ML "^ T 
-2 -2 
56. Yj = specific weight of fluid ML T 
-2 -2 
57. Yg = specific weight of solid ML T 
viii 
58. <5 
59. A 
60. E 
61. A' 
62.  ;  
63. V 
64. p 
65. 
66. p 
67. p 
68. T 
69. T 
0 
70. 
71. V 
0) 
= — = dimensioniess spacing of particles 
in fluidized state 
= prefix signifying increment 
= porosity 
= modified friction factor 
= viscosity 
= — = kinematic viscosity 
P 
= density 
= mass density of fluid 
= mass density of solid 
= mass density of water 
= period of time 
= shear stress at wall 
= sphericity 
= i + j + k = vector operator 
3* a? 3: del or nkbla 
L^ T-l 
ML 
ML 
ML 
ML 
T 
-3 
-3 
-3 
-3 
ML~^ T~^  
72. V -r + —T + —- = Laplacian operator 
3x By dz 
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ABBREVIATIONS 
1. centimeter cm 
2. cubic centimeter cc 
3. cubic feet cu ft 
4. cubic feet per second cfs 
5. degree(s) Celsius °C 
6. feet ft 
7. gallon(s) gal 
8. gallon(s) per minute gpm 
9. gram(s) g 
10. horse power HP 
11. hour(s) hr 
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18. nanometer nm 
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20. pound(s) lb 
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23. second(s) sec 
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1. INTRODUCTION 
'It is true that nature begins, as it were, with argument and ends 
with experience, but nevertheless we must follow the contrary way; as I 
have said, we must commense with experience and strive by means of it to 
discover truth. In the examination of physical problems I begin by mak­
ing a few experiments , and then I show why it is that bodies are 
forced to act in the described manner.' Thus, in clear and classic 
terms did Leonardo da Vinci delineate the fundamental philosophy of the 
scientific method-experiment and analysis or practice and theory or in 
da Vinci's words, experience and argument. 
The backwashing of rapid sand filters has had years of experience, 
however, only today do we stand at the threshold of a time wherein we 
can possibly augment experience with argument and hence use the scien­
tific approach. In contrast to the voluminous work in filtration, the 
study of backwashing sand filters has received little attention through­
out the history of rapid sand filtration, except for a sporadic burst 
of research in the late 1920's and early 30's. Even though studies in 
backwashing have been limited, it is a well known fact that most main­
tenance problems in filtration plants are an offshoot of backwashing 
effects. 
This study is a theoretical as well as experimental study on 
determining the optimum expansion of sand filters during backwash. The 
problem is probed from a fundamental point of view, especially in devel­
oping the theory which predicts the existence of an optimum condition. 
It is impossible to obtain a deep insight into the mechanisms of 
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backwashing without delving substantially into the analogous subjects 
of turbulence and fluidization of which we know far more. However, it 
should be remembered that we still do not have an entirely satisfactory 
self-contained theory of turbulence, and fluidization is still a subject 
in its primary stage of growth. 
It needs to be emphasized that the present study is centered around 
expansion for optimum backwash. For a more complete understanding of 
the general characteristics of fluidization and its application to back-
washing, this study needs to be supplemented by the writer's previous 
work (2). The present study evolved from the previous work, and the 
earlier study provides a comprehensive introduction to the fundamentals 
of fluidization and backwashing. In it will be found a review of var­
ious features of fluidization, such as (i) terminology and fundamental 
behavioral patterns, (ii) uniformity of particle distribution in partic­
ulate fluidization, (iii) particle size segregation effects, (iv) two-
component fluidization, (v) the mechanics of particle and bubble motion 
in aggregative fluidization, (vi) air scouring and three-phase systems 
and (vii) fluidization for optimum backwashing. Some interesting re­
sults emerging from this literature review were: (i) abnormalities like 
channelling which cause most filter maintenance problems can be con­
trolled; (ii) the concept of sand grains being cleaned principally by 
abrasion with one another while in the fluidized state has little founda­
tion; (iii) particle size stratification is an intrinsic property of the 
fluidized state and occurs at all diameter ratios and at all velocities; 
(iv) an air-scoured filter is a triple-phase system having similarities 
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to an aggregatlvely fluidized bed; and (v) the scales and intensities 
of turbulence maximized at an expanded porosity of 0.65-0.70. 
As evident, the present study concentrates and develops in detail 
the particular problem of optimum backwash which was treated from an 
overview point of view in the previous work. It will be presumed that 
the other aspects of fluidization are known to the reader of the present 
work and it is not intended to cover aspects treated in the previous 
study, unless they are directly relevant to optimum backwash. However, 
significant results of the previous work are used in this study. 
This study can be introduced by the following single sentence. It 
deals with developing a theory, and providing experimental verification 
of the prediction from the theory, that there is an optimum expansion 
for a filter bed during backwash; the study culminates by providing a 
tentative rational approach for designing backwashing systems, such 
that the filter operates optimally. 
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II. OBJECTIVES AND SCOPE OF STUDY 
This study can be defined in general terms as a fundamental, 
theoretical and experimental study of the backwashing of sand filters. 
In specific terras, its primary all important objective is to show 
theoretically as well as experimentally that an optimum expansion of a 
sand filter does exist during backwash and that this expansion can be 
predicted, can be calculated for purposes of design and can also be 
rationalized in terms of the fluid mechanical theories of turbulence 
and the hydrodynamic forces within the fluidized bed. 
In order to accomplish this objective the following studies are 
made in the various sections. 
A. Theoretical 
(i) A review of the statistical theory of turbulence and its 
application to eddy diffusion (turbulent diffusion) in fluidized beds; 
this provides basic background for understanding the behavior of back-
washed filter beds. 
(ii) A review of the literature in fluidization which indicates 
that an optimum in the turbulence parameters occurs in the region of 
expanded porosity of 0.65-0.70. This review also includes a subsection 
which critically analyzes the only other known study on backwashing of 
filters which probes the problem on an extensive theoretical and experi­
mental basis. 
(iii) Development of a new mathematical theory for backwashing 
from which it can be deduced analytically that a functional maximum of 
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the hydrodynamic shear exists in the region of optimum backwash, namely 
porosity = 0.65-0.70. 
B. Experimental 
(i) The experimental study investigates whether the optimum back­
wash predicted theoretically can be achieved while backwashing a filter 
sand under normal operating conditions. Five different criteria are 
used to evaluate the effectiveness of the backwash: (a) Cumulative 
effluent quality in the run following backwash, (b) initial effluent 
quality in the run following backwash, (c) head loss increase in the 
run following backwash, (d) the terminal backwash water quality during 
backwash and (e) the backwash water volume during backwash. Initially, 
these studies are made on twelve dual runs (dirtying run followed by a 
run after backwash) with 12 inch depth filters of uniform sand of 0.548 
mm average size. Each run is made in a pilot plant filter apparatus 
which has three 6 inch diameter plexiglass filters. The suspension 
filtered is produced by the addition of ferrous sulphate to University 
tap water which has a high alkalinity. 
(ii) The above studies are then repeated for six dual runs on a 
typical graded sand used in filters. This sand has an effective size 
of 0.45 mm and a uniformity coefficient of 1.47 and is 18 inches deep. 
In addition to the five criteria indicated above for evaluation of 
effectiveness of wash, an additional criterion based on the amount of 
iron which is physically removable from samples of the backwashed sand 
is also used. 
6 
Based on the experimental study, a simple mathematical model for 
designing optimum backwash systems for graded sand is proposed. The 
model uses the expansion model developed by the writer of this disserta­
tion in an earlier study (2, 3). 
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III. A REVIEW OF THE THEORIES OF TURBULENCE-
PHENOMENOLOGICAL AND STATISTICAL 
A. A Capsular Summary 
This summary is provided at the very outset, to provide a descrip­
tive condensation of the material covered in this chapter and to em­
phasize the significant threads of development that need to be understood 
and remembered. The intent is also to stress the fact that the chapter 
is written in such a fashion that it is possible to approach the material 
via two routes; (i) a detailed understanding of the mathematical equa­
tions and developments, or (ii) a general understanding of the content 
by reading the descriptive material and assuming the mathematical devel­
opments to be valid. Though the first route is the ideal, nevertheless, 
the second is amply sufficient to progress towards the following chapters 
which are the more important. The theory developed in the following 
chapters does not involve any of the advanced mathematical notation used 
in this chapter. It is impossible to adequately describe and understand 
turbulence without using vector algebra and tensor analysis; however, by 
restricting the treatment to be semi-quantitative, only an elementary 
knowledge of vector algebra is used and tensors have been avoided. This 
chapter is a stepping stone to the following chapters wherein the import­
ant ideas of optimum backwashing are developed. 
The entire field of fluid dynamics is principally founded on the 
Continuity (Eq. 1), Navier-Stokes (Eq. 3) and Energy equations. These 
are mathematical statements of the conservation of mass, momentum and 
energy. Reynolds found that by assuming a turbulent velocity to be 
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composed of a fluctuating velocity u, superposed on a mean velocity U, 
and using certain averaging laws it is possible to obtain an analogous 
equation to the Navier-Stokes equation (Eq. 12) for the mean velocities 
of a turbulent flow. However, this equation had an extra term (Reynolds 
stress or eddy stress) which had similar characteristics to fluid 
stresses, and its solution required an extra equation. Several alterna­
tive hypotheses based on intuitive and physical ideas of turbulence 
gave this extra equation; these various hypotheses lead to the phenom­
enologlcal theories of turbulence. One of these theories (Boussinesq's 
theory) gives rise to the important concept of eddy viscosity (Eq. 13). 
This concept can be extended by analogy to an eddy diffusion coefficient 
or eddy diffusivity which will describe turbulent field dispersions. 
The mathematical equation formulated is similar to that for molecular 
diffusion. The determination of quantitative values for eddy diffusivity 
provide the principal evidence for the maximum in the turbulence char­
acteristics at the expanded porosity of 0.65-0.70 in a fluidized bed. 
Though a phenomenologlcal theory provides a definition for eddy diffusiv­
ity, actual measurements of its value can be easily obtained from 
Taylor's theory of statistical turbulence. 
The solutions resulting from the phenomenologlcal theories (Prandtl's 
mixing length theory, Von Karman's similarity hypothesis) principally 
yield the velocity and eddy stress distributions in turbulent fluid 
fie\d?j. For the specific case of a turbulent flow in a pipe, these 
theories identify a boundary layer where viscous stresses predominate, 
a transition region where viscous and eddy effects are important and a 
turbulent core where eddy viscosity and eddy stresses are dominant. 
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These conclusions are of significant importance in understanding the 
characteristics of a particulately fluldlzed bed or a backwashed filter. 
In order to develop a more fundamental approach to understanding 
turbulence and in order to find solutions to Reynolds equation (Eq. 12) 
for turbulent motion, Taylor proposed the statistical theory. It is 
based on the fundamental idea that a high degree of correlation exists 
between the velocities at two points within an eddy. Using these 
correlation functions in Reynolds equation leads to the famous closure 
problem in turbulence theory which is under active research even today. 
However, this aspect is not important in the present study. 
Using the basic idea of the correlation function (Eqs. 19 and 20), 
Taylor developed a theory for the turbulent dispersion or diffusion of 
particles from a fixed point source. This theory yields an equation 
for the eddy diffusivity (Eq, 38) which is the most relevant equation 
of this review. It is commonly used to study the characteristics of 
turbulent dispersion in particulate fluldlzatlon. The equation also 
yields the scales of turbulence. The mathematical development of this 
theory has been presented in some detail in this chapter. Thus, quan­
titative values of some of the parameters of turbulence can be obtained 
by experimentally plotting this equation (Eq. 38). It is by this means 
that optimum diffusion in particulate fluldlzatlon was shown to be at a 
porosity of 0.65-0,70. This is one of the principal facts on which 
this entire dissertation is based. 
10 
B. The Basic Equations of Turbulence 
1. General 
It is perhaps pertinent to point out at this stage that the pure 
fluid velocities encountered during fluidization under backwashing con­
ditions are insufficient to provide a turbulent fluid field; however, 
the interaction of the particle and fluid fields within the fluidized 
bed do provide a system closely approximating the basic formulation of 
a turbulent fluid field and is hence amenable to analysis by the same 
theories of turbulence (14, 39, 40). The following review is developed 
principally from an extensive condensation of the relevant material in 
the texts by Hinze (42), Brodkey (14), Bird, Stewart and Lightfoot (13), 
Curie and Davies (28), the collection of classic papers on the statisti­
cal theory by Friedlander and Topper (36), and other papers (58, 68, 
69). It does not pretend to provide an up-to-date review of the litera­
ture in the field cf turbulence; however, the following review is an 
essential prerequisite, for understanding the literature in fluidiza­
tion as well as the theory of backwashing developed in the subsequent 
chapters. The material covered has rarely been dealt with in the field 
of sanitary engineering. Thus, the main purpose has been to cull and 
collate the material so that this dissertation can be read as a unified 
whole. It is impossible to understand momentum, mass transfer and 
diffusion in a particularly fluidized bed without understanding turbu­
lence itself. 
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2. Introduction to turbulence 
Hinze (42) modified a definition of turbulence given by Taylor and 
Von Karman for more precision. He states that, 
Turbulent fluid motion is an irregular condition 
of flow in which the various quantities show a 
random variation with time and space coordinates, 
so that statistically distinct average values can 
be discerned. 
The initial development of turbulence or the transition from laminar to 
turbulent motion is noteworthy. It has been shown that its development 
is continuous and it does not occur suddenly at a particular velocity 
(14). The problem has been analyzed from stability considerations. A 
qualitative picture of the changes as it develops in pipe flows is as 
follows. Ifhen laminar flow predominates it has been shown that eddies 
formed at the entrance to the system are dampened out. At the initial 
transitional zone, two dimensional waves are formed and then linearly 
amplified. These waves then develop into three dimensional waves 
culminating in turbulence spots at localized points. These turbulence 
spots or minute eddies then propagate and fill the entire flow field 
causing turbulence. If the turbulence has quantitatively the same 
structure in all parts of the flow field the turbulence is said to be 
homogeneous; in more definitive terms, especially for use in tensor 
analysis, it means that the system is invariant to axis translation. 
If the statistical features of turbulence have no directional preference 
then the turbulence is isotropic. Under these conditions, no average 
shear stress can occur and consequently, no velocity gradient of the 
mean velocity. 
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The earliest attempts to formulate a simple mechanism for turbulence 
resulted in the phenomenological theories, such as (i) Boussinesq's 
theory of eddy viscosity, (ii) Prandtl's mixing-length theory, (iii) 
Taylor's vorticity-transport theory and (iv) Von Karman*s similarity 
hypothesis. It is now generally recognized that these phenomenological 
theories are inadequate to explain the mechanisms of turbulence. But, 
because of a lack of a general solution to the turbulence problem, 
these methods are still essential for practical use in engineering 
analysis such as in transport phenomena. The present hope for a more 
rational understanding of turbulence lies in the area of the statistical 
theory of turbulence. 
The transport of any transferable quantity (energy, momentum and 
mass) by random fluid motion is diffusive in nature. Thus, the trans­
port process is necessarily greater in turbulent flow than in nonturbu-
lent flow. A solution to the turbulent transport problem requires a 
solution in terms of the turbulent velocity field and given boundary 
and initial conditions. A complete solution to the transport problem 
requires a complete knowledge of the functions describing turbulence; 
this is lacking even today. 
It is customary in the treatment of fluid mechanics to distinguish 
between the Eulerian and Lagrangian descriptions. The Eulerian approach 
describes the system with respect to a co-ordinate system fixed in 
reference to the solid boundaries: in contrast, the Lagrangian descrip­
tion is an analysis of the system by focusing attention on a given fluid 
particle as it moves through the flow field. 
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3. The Continuity and Navier-Stokes equations 
The mathematical expression for the basic physical concept of the 
conservation of mass results in the Continuity Equation. 
In vector form. 
= - (7.pu) (1) 
where, 
U = iU + iU + kU = velocity vector 
X y z •' 
t = time 
p = mass density 
9 8 9 V = i — + 1 r— + k — = vector operator 3x J ay 3z  ^
8U 3U 
= sT + à;- = div " 
For an incompressible material, the density is constant and = 0, 
hence the equation of continuity reduces to, 
V.U = 0 (2) 
or alternatively. 
au au au 
The expression (V.U) is frequently denoted by div U, or divergence of 
the velocity, meaning an excess of outward over inward flow. 
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The basic physical concept of the conservation of momentum is 
expressed mathematically by the Navier-Stokes Equation. 
In vector form the equation for a Newtonian fluid is, 
P If = -Vp + J yV(V.U) + liV^ U + I PgFg (3) 
s 
where. 
p = pressure 
Fg = external force per unit mass acting on species s 
s = species s 
M = viscosity 
2 3^  3^  9^  
V = —r 4 J + —T - Laplacian operator 
3x 3y 3z 
= substantial derivative 
The elegance and brevity of the vector notation and an illustration of 
the equation for cartesian co-ordinates is shown by writing the x-
component equation as follows, 
9U^  3"x 3"x 
P + "x-3l+ "y-57+ Uz-3l] 
= _ iE + 1 , Jl (25% + 2^ 1 + 
3x 3 ^  3x  ^ 3x 3y Sz-* 
32U 32U 
An analysis of the origin of the terms in the Navier-Stokes Equa-
Lluii, Zij. 3 cLiiu vcti.luu&> pvsalule slmpllflcaLloub are esseuLlal for a 
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proper interpretation of the terms in the later development of the 
theory of turbulence. The left hand side denotes the mass per unit 
volume times the acceleration. The first term on the right hand side 
arises from forces due to the pressure gradient while the last term 
is due to external forces like gravity. The second and third terms 
arise from internal forces due to normal and shear stresses on the 
element considered. 
If the fluid is incompressible, then from Eq. 2, (V.U) = 0 and 
2 the only term in Eq. 3 due to internal forces will be, yV U, which 
has the same form as Pick's law of diffusion. Equation 3 still remains 
a non-linear partial differential equation with no general solution. 
The approximation is often made in the Navier-Stokes equation of 
neglecting the inertial terms; say when the Reynolds No. (ratio of 
inertial to viscous forces) is small. Under conditions of no external 
forces, this leads to, 
P 1^  = - VP + yV^ U (5) 
This is the basic equation for laminar viscous flow or creeping motion 
and specific cases like Stoke's law maybe obtained from it. 
If the assumption of zero viscosity is made, Eq. 3 reduces to. 
P Dt = "  ^Pgï'g (6) 
s 
This is the Euler equation of motion for ideal flow and applies to 
fluids when the Reynolds No. is high, or where the viscosity is low 
and the main focus of attention is in the main fluid stream away from 
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the boundary layer. When only gravity is acting there are five equa­
tions with five unknowns and the equations can be solved in principle 
for given boundary conditions. Most two dimensional potential flows 
are treated under these conditions. 
4. The Reynolds equations for turbulent motion 
The Navier-Stokes equation should be valid for turbulent motion 
too, since it is essentially an application of Newton's Second Law to 
and element of a continuum at a particular instant. However the 
difficulty in analytical treatment is due to the fluctuating velocities, 
thus some statistical averaging is essential for meaningful analysis. 
Let the instantaneous velocity be written as the sum of an average 
velocity, U and a fluctuating velocity, u. Thus, 
U - ÏÏ + u (7) 
Reynolds (58) formulated certain averaging techniques, which though 
not universally rigorous, do apply for quantities having sufficiently 
numerous random fluctuations superposed on statistically distinct mean 
values. 
Consider two quantities, A = A + a and B = B + b, where the over-
score implies means. Then the following properties hold, 
A  =  A  +  a " A + a  =  A  +  a ,  h e n c e  a  =  0  
AB = AB = AB 
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AU " (A + a) (B + b) A B + ab + Ab + Ba 
= A B + ab (8) 
Equation 8 being the important result derived. 
If A and B are vectors, such as a velocity U = iU^  + jU^  + kU^ , 
then the term UU involves nine components of the form, U^ U^ , , 
U^ U^ , etc. Defining the velocity in the form of Eq. 7 yields for one 
of these products. 
U U = U U + u u  ( 9 )  
x z x z x z  
It should be noted that u^ u^  is not necessarily zero, even though 
ïT and u are zero. 
X z 
Consider the equation of continuity Eq. 1. Using the above aver­
aging techniques and assuming density fluctuations are possible as in 
compressible fluid flow, so that p = p + p. 
•|^  = - V.pU = - V.(p + p)(U + u) 
hence, 
|^  = - V.p U - V.pu (10) 
Comparing this equation with Eq. 1 it is seen that the averaging pro­
cedure introduces an extra term into the equation. 
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However, for incompressible flow,p = 0, therefore p = constant 
and liq. 10 reduces to the identical form as Eq. 2, 
0 = - V.(FU), i.e. (V.ÏÏ) = 0 
Consider the Navier-Stokes Eq. 3, written in the alternate form 
as in Brodkey (14), 
Substituting the variables in terms of their average values and their 
fluctuations, and then averaging the entire equation. 
P ^  = P 1^  + (V.pUU) = - 7p + + I PgFg (3a) 
s 
p -gl" (U + u) + V.p (U + u) (U + u) = - 9(p + p) 
+ MV^ (U + u) + % PgFg 
s 
Therefore, 
p U + V.(p U U) + V.(puu) « - 7p +  ^PgFg 
s 
i.e. p U + p(UV.U) + p(U.7)U = - Vp + p^ F^  - (V.puu) 
s 
Since 7.U = 0, the equation reduces to. 
p U + p(U.9)U = - 7p + pV^ U + ^  PgFg - (V.puu) 
s 
or p ^  = - Vp + JiV^ U + y p F - (V.puu) 
ut „ s s 
(12) 
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liquation 12 culled the Reynolds equation for incompressible turbulent 
motion has several interesting features. It is exactly analogous to 
Kq. 32 shown above for non-turbulent motion except for the last term, 
V.puu. This term has nine components, six of which are different and 
the term is associated with a stress called a Reynolds stress, eddy 
stress or a turbulent stress. The averaging procedure has made the 
equation indeterminate due to the fluctuation terms; however, it can 
be solved in a number of specific cases. 
C. The Phenomenological Theories 
The basic problem sought to be solved in these theories was to 
obtain some functional relation for the Reynolds stress, pu^ u^  by 
assuming some mechanism for turbulence. Thus, we note their hypothet­
ical basis and the case for their inadequacy. It needs also to be 
noted that all the above development has been based on a Lagrangian 
point of view, i.e., by following the paths of particles. 
Boussinesq sought to relate the Reynolds stress to an apparent 
viscosity which he called eddy viscosity by analogy with molecular 
viscosity, by the following relation, 
— 
Vy • - "eddy 
where, 
e^ddy " viscosity. 
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The above Eq. 13 is extremely important in the following development. 
By a similar analogy the eddy diffusion coefficient can be defined by 
the following equation. 
J = e (^ ) (14) 
where, 
J = mass flux 
e = eddy diffusivity for mass 
The diffusion due to eddies is assumed to act in addition to that due 
to molecular effects. The concept of eddy diffusivity is applied in 
the solution for the backwashed filter bed. Though many problems in 
engineering can be solved using it, the fact that the eddy diffusivity 
is not constant from system to system makes it a rather inadequate con­
cept. The analogies between transport of mass, momentum and energy 
has resulted in the use of the above concept to solve a number of 
important engineering problems. However, the analogies between mass 
and energy on the one hand, and momentum on the other often break down 
in specific applications. This is due to the fact that one cannot have 
a rigorous analogy between scalar and vector quantities. 
All the other phenomenological theories also hypothesized on the 
turbulent stress developed above. Prandtl intuitively assumed that the 
eddy stress are related to a fixed length 1, which he called the mixing 
length. He qualitatively assumed that this length characterized the 
average size of eddies in the turbulent fluid field. 
Prandtl's theory yields the following equation, 
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M = Hî. 
dy ky 
(15) 
where. 
P 
k = constant 
= friction velocity 
T = shear stress at the wall 
w 
To obtain this equation Prandtl assumed that the viscous stress was 
negligible in comparison to the eddy stress which was constant in the 
entire flow field. The above equation yields the logarithmic distri­
bution of velocity with respect to distance for turbulent flow. The 
equation cannot be used near the wall. 
Taylor developed the vorticity-transport theory, again assuming 
that the viscous terms are negligible. 
Von Karman's similarity hypothesis assumed that viscous effects 
predominate only in the vicinity of the wall and obtained a relation 
between the velocity gradients at two points of the velocity field and 
the mixing length. 
All the phenomenologlcal theories provide the following important 
conclusions for a turbulent field in pipe flows, which are extremely 
relevant to the backwashing theory developed later where the cleaning 
action is hypothesized on the basis of shear stresses near the parti­
cles and mass diffusion in the main fluid flow channels. 
(1) A viscous sublayer (boundary layer) exists next to the pipe 
wall where turbulence is negligible and the shear stress is equal to 
that at the wall. 
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(il) At the centre of the flow region exists a turbulent core, 
where eddy viscosity and turbulent stresses predominate and the effect 
of shear stresses due to molecular viscosity are negligible. 
(ill) In between the turbulent core and the viscous sublayer exists 
a buffer zone where both eddy and molecular effects are both important. 
Thus viscous e.s well as turbulent stresses play dominant roles. 
Further details of the above theories and the best velocity dis­
tribution laws for each of the areas, are dealt with in detail in 
Brodkey (14). 
D. The Statistical Theory of Turbulence 
The previous development and the phenomenological theories brings 
to focus the crux of the problem in turbulence; namely, the necessity 
for additional relations for solving the Reynolds equation. In particu­
lar, relations for solving the fluctuating velocity terms or the 
Reynolds stresses are required. Additional relations are obtained by 
treating the problem with rigorous statistical theory, on the basis 
that the fluctuations are sufficiently numerous and random. 
An Intuitive physical model of turbulence describes it as consist­
ing of the superposition of ever-smaller size of eddies or alternatively 
as the superposition of ever-smaller periodic motions. However this 
process must necessarily have a lower limit where the viscous effects 
of real fluids predominate over the eddying motion. The upper limit to 
the size of the eddies is dependent on the bounds of the system. It 
has been shown that the larger eddies transfer their energy to smaller 
eodies and Lhese in turn Lo sLixx suicixxt^ j. cuuxcb ui'itil viscGUS cffccts 
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predominate. All the eddies have certain quanta of kinetic energy 
associated with them. Using Fourier analysis it is possible to 
allocate a certain quantum of the total energy to each distinct fre­
quency. The size of the minimum eddy corresponds to the maximum 
frequency that occurs in the turbulent motion. This distribution of 
frequencies is called an energy spectrum. 
Taylor (68) in 1935 was the first to propose the fundamental idea 
of the statistical theory; namely, if we consider two points in the 
turbulent field separated by a distance smaller than the eddy diameter, 
then a high degree of correlation exists between the velocities at 
these two points at a particular instant. If the points are several 
eddies apart, little correlation can be expected. 
1. Some basic concepts and definitions 
The definition of turbulence implies that if the time of observa­
tion is long enough, the statistical characteristics will repeat in 
time as well as space. 
If T is a period of time long enough to include a sufficient 
number of fluctuations to be able to compute a stable mean value U, 
then 
- 1 5'^  Temporal mean velocity, U = — j U dt (16) 
-^2 
The Instantaneous velocity U, has already been defined in Eq. 7. 
The violence or intensity of turbulence is defined by the root-mean-
square value of the fluctuating velocity as. 
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u' = (17) 
where, 
u' = r.m.s. of fluctuating velocity 
u = U - U = fluctuating velocity 
The intensity or relative intensity is defined as the ratio of the root 
mean square fluctuating velocity to the mean velocity. 
u' Intensity of Turbulence = — = —— (18) 
U U 
Homogeneous turbulence implies that, u'^  is constant for all values of 
X. Similarly, for u'^  and u*^ . Isotropic turbulence means that all 
values of the r.m.s. velocities are equal. 
i.e. u' = u' = u' for all x, y and z 
X y z 
Isotropic homogeneous flow by its very nature has no cross velocity 
terms of the type u u , u u and u u and hence no Reynolds stresses 
X y X z y z 
occur in the Reynolds Eq. 12. 
Consider a statistical property of the random variable, velocity 
u, at two points separated by a distance r. The Eulerian correlation 
function Rg(r) is defined as. 
u(x)u(x + r) 
R (r) (19) 
u*(x)u'(x + r) 
For isotropic turbulence the fluctuating velocities are equal and Eq. 
19 reduces to. 
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u(x)u(x + r) 
Rg(r) =  ^ (19a) 
u 
A similar correlation function can be defined for a Lagrangian system 
for isotropic turbulence, 
u(t)u(t + T) 
RL(t) = 2^ (20) 
u 
where, 
Rj^ (t) = Lagrangian correlation function. 
Eq. 20 can be simplified to. 
\(t) = (20a) 
u^  
The covariance u u represents the average for a number of particles 
ti tg 
of the product of the velocity at a time t^ ,^ and its velocity after a 
time tg. For large values of (tg-t^ ) there is no correlation between 
u and u and u u = 0. For a small time (t„-t,) the velocity of 
1 2 1 ^ 2 
the particle at tg will resemble that of the particle at time t^ . This 
idea is the cornerstone of Taylor's theory. 
The length scale of turbulence can be interpreted in a crude 
manner as the average size of the turbulent eddies or the size of the 
packet of fluid all of which has the same velocity. It has been 
defined in several alternate ways. 
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For a Lagranglan system the length scale is defined as. 
(21) 
where, 
= Lagrangian time scale of turbulence 
The Lagrangian time scale is defined as. 
00 
' J (21a) 
Similarly, for Eulerian system the integration is carried out over the 
entire space system as, 
The above definitions are directly used in the models developed by 
Hanratty et al. (40) and Handley et al. (39) for describing the diffu-
sional characteristics of particulately fluidized beds. A turbulent 
field can be described by equations with the double correlations 
defined in Eqs. 19, 20 and by similar triple correlations. The rather 
complex random wave form can be reduced to an equivalent set of sine 
waves of various amplitudes and frequencies by a Fourier transform. 
For isotropic turbulence the Fourier transforms exist as finite quanti­
ties when integrated over all space and no approximations are needed. 
CO 
h " ^ *E(r)dr (22) 
0 
where 
L = Eulerian scale of turbulence. Cà 
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Taylor (69) was the first to analyze the one-dimensional energy 
spectrum using Fourier transforms. The analysis can be extended to 
three dimensions, however the notation becomes complex without using 
tensors. For purpose of illustration the one dimensional Taylor treat­
ment is briefly recorded. The following is essential for understanding 
the briefly reported work of Tesarik (70) who calculated the scale of 
turbulence as well as the energy spectrum function F(n'), for condi­
tions similar to backwashing. 
Let the frequencies of the waves between n* and (n' + dn') make 
~~2 ~2 
a contribution u F (n') to the mean value of u . 
Hence, 
00 
J F(n')dn' = 1 (23) 
where, 
n' = frequency of sine wave 
F(n') = fraction of total energy of turbulence in 
energy spectrum. 
Consider Eq. 20. 
Assuming, u = <f(t) = <|i (x/U) , Eq. 20 for the Lagrangian correlation 
is of the form, 
*(t)*(t + =) 
R,(t) = - " 
u 
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It can be shown (69) that. 
where, 
/*(t)*(t + =)dt = 2/ J (I 2 + l/)Cos(^ ^^ )dn (24) 
U 0 U 
1 I. = — / u Cos 2nn'tdt 1 IT ' 
1 fT 
I„ = — / u Sin 2nn'tdt 2 TT ' 
o 
T = time sufficiently long to obtain average 
values of fluctuations. 
Using the Fourier Integral Theorem, 
O I 
Rt = /F(n')Cos(^ 3^-^ )dn (25) 
0 U 
F(n') = — J Cos( ^ 2 *)dx (26) 
U 0 U 
In other words, the correlation coefficient R^  and  ^are 
Fourier transforms of one another. Thus, if F(n') is observed R^  
can be calculated and vice versa. 
The above functions and definitions, the relative intensity, the 
correlation functions, the scale of turbulence and the energy spectrum 
form the basic tools of the statistical theory. The application of 
these concepts to the Reynolds Eq. 12 results in the famous Von Karman-
Howarth equation for isotropic turbulence (14, J6). ihis equation 
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cannot be solved, though the terms in it can be experimentally meas­
ured. The difficulty in the solution is that due to non-linearity, if 
an equation is obtained with a double velocity correlation, then it 
has inertial terms of the third order. If an equation of the third 
order is formed then it has terms of the fourth order. This gives 
rise to the closure problem of turbulence theory. An infinite set of 
dynamical equations can be formed with the set being indeterminate by 
one unknown. The reduction of the indeterminate set of equations by 
various approximations and empirical approaches to obtain solutions, 
form a large part of the work done in the statistical theory. The 
material is not relevant to the present study and will not be reviewed 
here. Complete details can be found elsewhere (14, 42). 
2. Turbulent dispersion or diffusion 
The terminology defined above and the basic concepts developed will 
now be applied to the specific problem of turbulent diffusion. An in­
sight into the mechanism of turbulent diffusion is the prime purpose of 
the above review of turbulence theory. It has been found that the par-
ticulately fluidized bed (14, 39, 40) and similarly, the backwashed 
filter bed (70) can be well described by the statistical turbulence 
equations of Taylor's theory of diffusion. 
The fundamental mechanics of a turbulent field is due to fluctuating 
fluid velocities and an ever decreasing system of eddies. The partic-
ulately fluidized bed is a system wherein the constantly moving sus­
pended solid system causes analogous fluctuating fluid velocities in 
the fluidizing medium. Furthermore, it has been shown (4, 48, 65) that 
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the fluidlzed system Is inherently unstable and small disturbances in 
tfie distribution of particles, or in other words porosity fluctuations, 
tend to rise through the bed and grow. Since there are circulation 
effects too, the system is comparable to the fluid field with various 
eddies. Thus, the diffusion characteristics of the two systems are 
physically similar. 
Consider a Lagrangian system of co-ordinates, i.e. the co-ordinates 
of position and velocity along a path, in a uniform isotropic turbulent 
field. Consider the divergence, spread or dispersion of particles from 
a fixed point source in a steady field by eddying motion. 
In the above field consider the displacement X and velocity u along 
2 the x-axis. The intensity u is constant, since the field is isotropic. 
Let u and u be the values of u at time t and t^  respectively. 
t ti 
From Eq. 20a, the definition for the Lagrangian correlation func­
tion, gives 
"t "t. 
E,(t) = 
u 
Hence, 
t' —r t' 
/ u^ u^  dt^  = u / R^ (t)dt^  (27) 
o 1 o 
Let (t^  - t') = T, and since R^ (t) is an even function of t, Eq. 27 
maybe written as, 
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tj t' 
/ = u / R^ (T)dT 
o 1 o 
But, 
where. 
J u u dt^  = u J u dt^  = u X = uX (28) 
o 1 c o 
t' 
X = j u dt^  = displacement of fluid particle in 
o 1 
time t' 
From Eqs. 27 and 28, 
Integrating, 
"T —r t t 
X = 2 u / dT / R(T)dT (29) 
o o 
Equation 29 is the relation obtained by Taylor. 
Consider the Integration by parts, / Vdu = Vu - / udV, 
where 
t' 
du = dT and V = / R^ (T)dT. 
o 
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Hence, 
t t' t' t 
/ dT / R^ (T)dT = [T / Rj^ (T)dT]^  - j" T R^ (T)dT 
o o o o 
= t / R^ (T)dT - / T R^ (T)dT 
o o 
t t' t 
i.e. / dT / R^ (T)dT = / (t - T) R^ (T)dT (30) 
O 0 o 
Substituting Eq. 30 in Eq. 29, 
= 2 / (t - T) R^ (T)dT (31) 
o 
This well known result was first obtained by Kampe de Feriet and is 
quoted in most texts on turbulence (14, 42). The properties of 
R^ (T) are: R^ (0) = 1 since the correlation function has to be 1. 
Since the system is homogeneous the function R^ (T) is symmetric about 
the origin; however, no correlation exists at large values of T, 
therefore R^ ('») -+ 0. 
Consider the case, 
R^ (0) -» 1 as T 0 
Integrating Eq. 31 with these approximations. 
= 2 u^  / tdT = u^  t^  
Therefore, 
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Thua aw t 0, diffusion is directly proportional to the time. For 
large values of t, R^ (t) 0, thus / R^ (T)dT constant. In Eq. 31, 
the second term becomes small compared with the first term, hence, 
= 2 u^  / t R^ (T)dT = 2 u^  t • constant 
o 
therefore, 
X = constant • / t (33) 
Thus for large times the dispersion is proportional to the square root 
of the time. 
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For the root mean square displacement X at intermediate times, 
the functional dependence of upon T must be known. 
It is convenient to assume. 
-T/T 
Rj^ (T) = e  ^ (34) 
where. 
= a constant, the Lagrangian Scale of Turbulence 
defined by Eq. 21 and regarded as the average 
lifetime of eddies, or the average time length 
of undeflected particle paths. 
Substituting Eq. 34 in Eq. 31 and integrating for a general time t. 
T ~2 T/T; 
X: = 2 u^  / (t - T) e  ^dT 
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For integration by parts, consider 
t -T/T t -T/T 
/ (t-T)e  ^dT = / (t-T) ^  (-T^  e )^dT 
-T/T t T/T 
[-(t-T)T^ e + / T^ e ^^ (t-T)dT 
o 
t -I/I 
O 
-T/T 
tT, - T, [- T, e "1 Li L IJ O 
2 
= tl^  - <e - 1) 
Thus, 
1 ~2 2 t -t/Tr 
X = 2 u^  T/ [TT - (1 - e h] (35) 
-t/r 
For large times t, e  ^ 0 and Eq. 35 reduces to, 
= (2 u^  Tj^ ) t - 2 T^  ^ (36) 
~ Equation 36 is a straight line with slope (2 u T^ ) and intercept on 
~T 2 the ordinate (2 u T^  ) . Hence, the intercept on the abscissa is Tj^ . 
Thus by plotting the diffusion characteristics at large times t, 
(t > 10 T^ ) and extrapolating the straight line section to the abscissa 
it IB noftslhle to measure the scale of turbulence T. and hence 
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calculate L^ . This technique was used by Hanratty et al. (40) and 
Handley et al. (39) to study the diffusion in particulately fluidized 
beds. It has been found that there is excellent agreement between 
the theory developed above and experiments (14, 39, 40, 42). 
One of the most frequently used parameters to describe turbulent 
diffusion is the eddy diffusivity E. It represents the average spread 
of some property of a physical system and by direct analogy with 
molecular diffusion from a fixed point it can be defined as, 
It should be noted that E is not a constant as molecular diffusivity 
is, but rather is a function of time t. 
Combining Eqs. 35 and 37, 
Hanratty et al. (40) developed this equation for their studies of diffu­
sion in particulately fluidized beds. The above equation shows that the 
eddy diffusivity reaches an asymototic value for large times t (large 
compared to T^ ), that is at large distances from the source of diffusion. 
(38) 
-t/T 
L 
-+• 0 and ——>• 0, hence For large t, e 
2 E = u T. 
L 
(39) 
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From Eqs. 17 and 21a, 
h. ' \ 
Hence Eq. 39 reduces to. 
E = u^  (40) 
The above equation which represents the limiting value of the eddy 
dlffuslvlty as defined by Eq. 37 Is also frequently used as a defini­
tion for the eddy dlffuslvlty E. This equation can also be obtained 
by analogy with mixing length theory. The definition of eddy dlffu­
slvlty as given by Eq. 40 was used by Calms and Prausnltz (16, 17) In 
their studies of mixing In liquid fluidlzed beds. The above develop­
ment shows that the definitions of eddy dlffuslvlty by Eqs. 37 and 40 
2 —1 
are consistent with one another, both having dimensions of L T 
Most correlations for mixing and diffusion phenomena are described 
by the non-dimensional Peclet group defined as, 
(41) 
A maximum eddy dlffuslvlty results in a minimum Peclet Number. 
Thus, the maximum diffusion or spreading in a system is characterized 
by a minimum Peclet Number. Alternatively, on the basis of the defini­
tion for eddy dlffuslvlty, systems having the same value of the r.m.s. 
'T fluctuating velocity u , will have a iriayimnm eddy dlffuslvlty, if the 
scale of turbulence Is a ucixlmuu. 
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The above concepts are the ones used to provide the frequently 
noted experimental result that most turbulence parameters (eddy 
diffusivity and scale of turbulence) maximized around a porosity of 
0.65-0.70 in particulately fluidized beds. This is the central 
result used in this thesis to determine the optimum condition for 
backwashing. 
For a complete, current and more advanced review of turbulent 
dispersion reference should be made to Corrsin's review paper (27). 
An attempt has been made in the above review to provide a 
coherent but concise development of turbulence theory as required 
for analyzing the literature in fluidization and developing a theory 
for optimum backwashing in the chapters to follow. During the course 
of presenting turbulence theory, the material having greatest signif­
icance to the literature quoted in the following chapters has been 
noted. 
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IV. LITERATURE REVIEW 
The literature review is being developed, initially within the self 
contained fields of sanitary and chemical engineering with the final 
sections intermingling the ideas from both fields. The first section 
deals with all the literature in the sanitary engineering field. The 
second, critically analyses Ulug's work on backwashing. The third and 
fourth sections review the literature in chemical engineering, though 
some overlapping of ideas is inevitable; the third section describes 
the development of the idea of the predominance of hydrodynamic forces 
in fluidlzed beds in comparison to collislonal forces, while the fourth 
section reviews the literature which reveals the fact of maximization 
of most turbulence parameters at the expanded porosity of 0.65-0.70. 
This study essentially concentrates on the optimum expansion for back­
wash, hence, the literature reviewed is directly pertinent to this 
topic. The writer has previously reviewed the other concepts of fluidi-
zation and their application to backwashing (2); the previous study is 
an essential introductory supplement to the present work. 
A. The Sanitary Engineering Literature 
1. Filter backwashing 
Perhaps one word more than any other which brings to mind slow sand 
filters is "schmutzdecke". In fact it was the cause of nearly a decade 
lost to filtration progress as many authorities argued its significance 
in filtration through a deep granular bed. It was believed as a corollary 
from slow sand filtration that the dirty coating on the grains in a rapid 
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filter improved bacterial removal ana backwashing which removed all of 
this coating was assumed to be detrimental. This assumption was prob­
ably one of the factors which lead to low backwash rates, 8-15 in. 
rise per minute (6-11 gpm/sq ft). The lower rates did not cause 
sufficient expansion and auxiliary means of agitation was provided 
with mechanical rakes or air scour (31). Air scour systems with low 
velocity water wash caused problems of mud balls, clogging of strainers 
and gravel displacement and air scour disappeared from the U. S. water 
treatment scene circa 1900. 
Hulbert and Herring's (46) excellent work in 1929 laid the founda­
tion for backwashing practice in the United States and the oft quoted 
rule of thumb of 50 percent expansion for effective backwashing. Some 
of the conclusions of this study are worthy of record even today. 
(i) They recommended the use of a high velocity wash and that sand 
expansion be used as the index of filter washing while earlier criteria 
was the rise of water in inches per minute. 
(ii) They suggested that 50-60 percent expansion of the sand pro­
vided satisfactory results in preventing mud-ball formation, shrinkage 
of the filter sand and consequent cracking. 
(iii) They Indicated that bacterial removal efficiency was un­
affected by the lack of a coating on the sand. 
(iv) They showed that the expansion characteristics of the sand 
in a 3/4 inch diameter model filter and the actual filter were the same. 
When first reported the above seemed to be the panacea for all ills 
of the filter; but Hudson (44) and Baylis (8) continued to report that 
even 5U percent expansion did not elimiucti-c uiuJ-tall fcrsaticn. These 
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workers were the initiators of the use of surface wash systems in the 
1930*8. On the basis of fundamental theoretical considerations 
(negligible collisonal effects) the writer of this thesis believes 
that surface wash systems do have significant advantages in improving 
the cleanliness of the sand during backwashing. There was a lull in 
research related to backwashing in the two decades following the 
above era. 
In the fifties, Baylis (9, 10, 11) and Hudson (45) continued to 
report on the washing of filters and their experiences at the Chicago 
Filtration Plant. They repeatedly stressed that most maintenance 
problems were an offshoot of backwashing effects. They sought to 
explain qualitatively the formation of "sand boils", "jet action", 
"sand leakage", "gravel mounding" and traced the origin of all these 
to the effects of backwashing. Baylis also suggested (9) without any 
experimental evidence that 20-25 percent expansion of the sand may be 
sufficient for cleaning. 
Fair and Geyer (33, p. 679) sought to associate the maximum scour­
ing action in backwash with the point of minimum fluidizatlon of the 
portion of the bed which had been penetrated by the floe. 
Johnson and Cleasby (49) made a plant scale study and showed how 
the effluent quality in the run following backwash could be used for 
purposes of evaluating the effectiveness of the wash. They also showed 
that the backwash rate that produced 16-18 percent expansion was the 
best rate for the conditions studied. It should be noted that this was 
the maximum rate studied and the basis for selecting this rate as the 
opLimum is quesLiuuctulc. Two uclier coucluslcus dzcwz the ctudy v:ere 
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noteworthy, (i) They indicated correctly, that the shear on larger 
grains was larger for the same wash rate and (ii) they incorrectly 
stated that other cleaning mechanisms like collisions in the fluidized 
state were important. 
Rimer (60) in a comparative study of single and trimedia filters 
and their associated backwashing effects concluded that, for a con­
ventional filter the rate of filtration did not significantly affect 
the backwash rate; however, for the multi media filter increased filtra­
tion rates required larger wash rates. He also noted that the best 
backwash for the trimedia filter was a two stage sequential wash. One 
for fluidization of the coal layer and a subsequent wash which over-
expanded the coal layers while washing the sand layers. The possible 
danger of carrying away the lighter media under the overexpanded con­
ditions was mentioned. Rimer's results (60) can be elegantly explained 
by the theory of optimum backwash to be developed in a later chapter. 
Two of the very few studies which have probed backwashing from a 
fundamental theoretical view were done by Camp (19) and Camp et al. 
(20). The first study dealing principally with filtration, nevertheless 
had a considerable section on the hydraulics of backwashing. The 
written discussion of this paper by Tesarik (70) and its closure by 
the author were noteworthy contributions which are directly related 
to this dissertation. 
Tesarik (70) reported on the studies he had made of applying the 
theories developed in the field of turbulence to backwashing. The 
theories mentioned are developed in the previously recorded review of 
turbulence. This is the only known report in the sanitary engineering 
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literature of the use of turbulence theory to study the behavior of 
backwashed beds. He computed the mean square variations of velocity 
components (see Eq. 17 of this thesis) in a fluidized bed of spheres 
0.56 mm in size with a mass density of 3.008 g per cc and found 
them approximately equal to the approach velocity V of 4 cm per sec. 
Consequently, he stated that the degree of turbulence in a fluidized 
bed of sand or anthracite is high in comparison to the flow of clear 
fluid. Tesarik also made studies on the Eulerian correlation function 
(Eq. 19a of this thesis). Based on flow visualization he showed that 
the average size of eddies given by Eq. 22 of this thesis was approxi­
mately 0.7 cm. 
That is, as in Eq. 22, 
5 
Lg = / Rg(r)dr = 0.7 cm 
Tesarik then used Taylor's analysis of the energy spectrum as 
developed in Eqs. 23 to 26, to determine the spectrum curve in the 
above mentioned fluidized bed. Using the Fourier Integral theorem as 
in Taylor's theory, he determined the spectrum curve. The energy 
spectrum showed that the fluctuations with the lowest frequencies n', 
less than 3 vibrations per sec, chiefly Influenced the behavior of 
the fluidized bed. 
Camp (18) in the closure of the above discussions studied the 
velocity gradients in a filter during backwashing, in order to shed 
some light on the magnitude of the adhesive forces. For the mean 
velocity gradient within the pores, he gave the following equation. 
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G - (42) 
where, 
G = = mean velocity gradient in the pores 
i = ^  = hydraulic gradient in direction of flow 
E = porosity 
V = superficial fluid velocity 
V' = •^  = average fluid velocity within the pores 
V = ^  = kinematic viscosity 
g = acceleration due to gravity 
The writer of this thesis wishes to strongly focus attention on 
this equation, for it forms one of the fundamental equations in the 
mathematical theory of optimum backwashing developed by the writer in 
one of the following chapters. 
The results quoted by Camp when using Eq. 42 are also of the great­
est significance in this thesis. The mean shear stress S within the 
pores of the filter is given by, 
S = y = WG (43) 
where, 
S = mean shear stress 
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Using Eqs. 42 and 43 Camp (18) calculated the mean shear stresses during 
Eiltrntion, at the start and end of a run, and during backwashing. He 
found that the shear stress at the start of filtration was 2.17 dynes 
per sq cm and at the end of a similar run it was 8.88 dynes per sq cm. 
During backwashing the shear stress was 2.8 dynes per sq cm. These 
values caused Camp to hypothesize that the floe sheaths during filtra­
tion were resting on the grains with little adhesion and that the tensile 
strength of the floe was sufficient to resist the shearing forces. 
Further, he noted that the shear stress at the pore wall is 1.412 times 
the mean shear stress. For the purpose of comparing these values of 
shear stress with coulombic and molecular bonds, including Van der Waals 
forces, he computed the energy equivalent of the shear stress as 1.2 x 
10 ^  Kcal per mole of water. On the basis of this figure, Camp con­
cluded that the number of molecular bonds per square centimeter must be 
very small indeed. 
The second paper by Camp et al. (20) was devoted entirely to back-
washing. The paper studied the backwashing operation theoretically as 
well as experimentally. Several interesting facts were noted in the 
paper. The authors suggested that the rubbing of grains together was a 
negligible factor in cleansing, because nearly all the energy of the 
wash water was required to suspend the grains. The writer of this 
thesis drew this same conclusion with considerably more evidence using 
the literature in fluidization (2). This fact also forms one of the 
basic hypotheses of this dissertation. It was found that air wash 
caused a decrease in the height of the fluidized bed. They showed that 
no breakdown of the floe sheaths covering the grains occurred even at 
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the end of a run when the shear force was the greatest, as evidenced by 
the fact that the head loss continued to increase because of continued 
deposits, albeit at sharply decreased rates. They also studied the 
cause and removal of mud-balls and concluded that the chief cause for 
mud-ball formation was inadequate fluidization. Air wash did help in 
smaller fragmentation of the mud-balls, but their removal from the bed 
required wash rates far beyond those used in practice. The paper 
suggested that, on the basis of the theory developed and the experi­
mental procedures delineated, the backwash rates and the media to be 
used should be selected on the basis of pilot plant studies. 
The only other study of major proportions was Ulug's work (71). 
The work described a theoretical and experimental study of backwashing. 
The theoretical work was based on developing the classical hydrodynami-
cal equations as applied to a fluidized bed. Using Camp's formulae for 
the shear stress Eqs. 42 and 43, and modifying it to [(mean shear stress)/ 
/approach velocity], he concluded that an optimum wash rate resulted 
at an expansion of 25-30 percent, for a bed composed of uniform glass 
ballotini of 0.90 mm. On the basis of some of the literature in 
fluidization and the fact that in developing the equations for a back-
washed bed no significant forces due to collisional interactions were 
detectable, he concluded that there were few collisions of particles in 
the fluidized state. Some of the experimental techniques used in the 
study were noteworthy. Studies were made on the settling velocities of 
particles, the hydraulics of backwashing, the analysis of backwashing 
based on flow visualization using a cine camera and determination of 
the etticiency ot washing by data collection on the removal of suspended 
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solids and wash water turbidities. The study is a noteworthy contribu­
tion to a fundamental approach to backwashlng and since it overlaps 
many areas of this study, it has been critically analyzed in more detail 
in a subsequent section of this dissertation. 
The importance of backwashlng in the operation of water treatment 
plants and the paucity of knowledge in the fundamental mechanisms of 
backwashlng is best evidenced by the following reports and papers (6, 
41, 43). The first reference is a collage of discussions of the opera­
tion of backwashlng systems in fifty treatment plants all over the U.S.A. 
It indicated some significant statistics. Most plants reported a back­
wash water usage of 2 percent. The frequency of wash varied from as 
short as 8 hours to as long as 900 hours with most plants washing at 
frequencies of 68 hours. The time of wash was most often determined 
by the head loss across the filter. A significant reportage was that 
76 percent of the plants used a surface wash with the normal backwash. 
It was reported that, of all the processes in a water treatment plant, 
filter backwashlng was the most variable in respect of frequency, tech­
nique, control, cost, as well as effectiveness. For a 10-million gal­
lons per day plant producing water at $100 per million gallons, a reduc­
tion in use of wash water from 2.5 percent to 1.5 percent could reduce 
annual operating costs by nearly $5500. A considerable number of opera­
tors indicated that most filtration problems were caused by incorrect 
backwashlng, and the use of surface wash and evenly distributed wash-
water significantly improved filter performance. These reports indi­
cate; (i) the importance of backwashlng, (11) the lack of fundamental 
knowledge which has resulted in wide variation in washing techniques. 
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and (ill) the tendancy to move towards surface wash systems to Improve 
backwashlng performance. 
The lack of knowledge in the mechanics and the mechanisms of back-
washing has resulted in papers purporting to correct the ill effects of 
backwashing using baffles etc., in the backwash water above the fluidized 
bed (41, 43). Even the operators noted above, have found through experi­
ence that even distribution of the washwater improves the washing opera­
tion. Thus, uniformity control in backwashing can only be achieved at 
the distribution system of the washwater. 
The above review spotlights the current status of knowledge in back-
washing in the sanitary engineering field. It clearly shows that even 
though one of the chief causes of operating problems in filters is the 
backwashing process, only a limited amount of study has been devoted to 
it (6, 9, 10, 11, 45) in comparison to studies in filtration. However, 
recent studies (2, 20, 70, 71) indicate an encouraging movement towards 
more fundamental approaches. These studies have brought to light several 
facts of Importance. 
(I) They have exposed the myth (5, 6, 33) that particle collisions 
and abrasion are significant in comparison to the hydrodynamic forces 
(2, 20, 71). A review of the considerable literature in fluldizatlon 
which supports this conclusion is given in one of the following sections. 
(II) Even though the actual fluid velocities in a backwashed bed 
are in the transitional regime, the Interaction of the fluid and particle 
fields create a turbulent fluid regime, which is amenable for treatment 
by the statistical theory of turbulence (2, 70, 71). 
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(ill) In the final analysis, the fluldized bed is an unsatisfac­
tory means of achieving ideal cleansing of the media and additions like 
surface wash and air wash are becoming increasingly important (2, 6, 9, 
10, 11, 20). 
(iv) The most notable trend in recent papers has been the search 
towards developing rational criteria for optimizing the backwashing 
operation within the constraint of (ill) (2, 49, 71). This disserta­
tion is specifically directed towards this end. 
2. A critique of Salim Plug's work on backwashing 
At the University of London, Ulug made a noteworthy contribution 
to the study of backwashing filters 1^ 1^ 967 (71). Some mention of his work 
has been made in the previous section. The breadth and scope of Ulug's 
work is sufficiently significant that it warrants a critical analytical 
review in a separate subsection. The study was both theoretical as 
well as experimental. 
In the theoretical section, he developed equations starting with the 
basic differential equations of fluid mechanics; namely, the relations 
of conservation of mass, (Eq. 1 of this thesis) momentum (Eq. 3 of this 
thesis) and the equation of state. The expanding fluldized bed was 
considered analogous to a continuous elastic medium of vanishing com­
pressibility, in which the propagation of disturbances is infinite. 
Ulug treated the entire bed as a macroscopic system with the solid and 
liquid phases treated together as a single system. The analysis closely 
followed that of Murray (56) who also developed similar equations for 
a fluldized system. However, the approximation made by Murray that 
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« p^ , enabled him to simplify the equations and obtain analytical 
solutions for the case of aggregative fluidization. Ulug presented 
the flow equations without attempting any mathematical solution. 
The pertinent variables were then collected and dimensionless 
groups were formed. The complex hydrodynamic system was represented 
by a general relation of the form, 
X' • Constant x (Re')™ (44) 
where 
X* = modified friction factor 
Re' = modified Reynolds number 
m = empirically measured exponent 
Though Eq. 44 was shown in the above simple form, the modified 
dimensionless numbers X' and Re' were formed by assuming the incorpora­
tion of several parameters like, a porosity function, viscous resistance 
coefficient and inertial resistance. Using an analogy of flow around 
spheres, Ulug finally obtained an empirical equation of the form. 
f  ^ 3.426 X 10^  I (45) 
Nd2pf(%)2 
where, 
Fjj = Total drag force on system 
N = total number of particles in bed 
d = length characteristic of granular media. 
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The above expression does not have general validity, it only holds for 
Ulug's experiments. Though the technique can be adopted for any system, 
it implies that a pilot plant has to be operated for determining the 
empirical constant 3.426 x 10^ , and measurements must also be made to 
determine the total drag force on the system. The above equation can 
then be explicitly determined and it gives a relation between the 
superficial velocity and the porosity. Since the relation between 
porosity and velocity which we are setting out to determine can simply 
and easily be made on the pilot plant apparatus itself there is no need 
for the above development. The development of the above theory does 
have some value as an intellectual exercise, however, it has little 
use as an analytical or design equation, since it is necessary to 
obtain empirical constants for every system for which it is to be used. 
The writer of this thesis has presented a far simpler generalized model 
for direct use in design office practice (2, 3). A considerable part 
of Ulug's thesis consists of the theoretical work in developing the 
above Eq. 45 and the experimental determination of the empirical con­
stants in the equation. Ulug studied the terminal settling velocities 
as a function of the hindered settling velocities for glass ballotini 
using the same method as Richardson and Zaki (59) . They found that the 
superficial velocity V was related to the terminal settling velocity 
Vg of the particles composing the bed by the relation 
V 2.8 
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The sections of the thesis that are more directly relevant to this 
study will now be analyzed in some detail. Ulug, in developing the 
basic differential equations, omitted the term arising from particle 
collision pressure, on the basis of the arguments presented in the 
fluidization literature (1, 48, 55, 56, 61, 62) that appreciable noise 
and increases in temperature due to such collisions were absent. He 
then found that these equations were applicable for investigating the 
mean shear stress on the grains and the mean velocity gradients within 
the pores of the system on the basis of Eq. 42. He found no signif­
icant forces or reactions not accounted for, and hence concluded that 
these forces of collision are negligible, for the system of particle 
sizes often used in filtration. Thus, Ulug's work provides additional 
evidence for the fact that collisional effects are negligible in back-
washed filter beds. 
In another phase of the study, the actual movements of individual 
particles were studied using cine films, similar to the technique used 
by Handley et al. (39). A detailed study was made on the statistical 
parameters of the particle velocities by analyzing the collected data 
with a digital computer. The particles studied were generally, those 
close to the wall of the 3.5 inch internal diameter filter and all 
showed a downward velocity. This confirms other studies made in 
fluidization (2) which indicate circulation patterns going up at the 
centre and down at the walls. These patterns are more predominant for 
small diameter systems as used in this study. Though the author measured 
values of the r.m.s. velocities u(x) and u(x + r) as in Eqs. 17-20, he 
has not tried to use any of the turbulence theories developed in an 
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earlier chapter of this thesis for analyzing the data. However, he 
did conclude as Tesarlk did (70) that the particle fluctuating veloc­
ities were of the same order of magnitude as the approach velocities 
of the fluid. The author of this thesis studied all the velocity 
diagrams given by Ulug and noted that there were only a very few step 
wise sudden changes in the velocities of the particles. Though this 
analysis was not made by Ulug it provides impressive evidence of the 
fact that negligible particle collisions occur in the fluidized state. 
In the final section of the dissertation, Ulug completed the study 
by applying the experimental data and the conclusions drawn from the 
above mentioned sections to determine the degree of bed cleanliness 
attained by applying different wash rates to the experimental bed 
after it was made dirty by a filtration cycle. 
The dirtying run at 2 gpm/sq ft was made by filtering 160 liters 
of a suspension of fullers earth of concentration 200 p.p.m., through 
a 30 inch bed of uniform glass ballotini spheres of 0.9 mm diameter and 
2.95 g/cc density. Seven runs were made on the single filter and the 
duration of the washing cycle was kept the same (12 minutes) in each 
backwashing cycle. The filter was washed at 10, 20, 25, 30, 35, 40 and 
50 percent expansion in a series of seven runs. During the filtration 
runs, measurements were made of (i) the time variation of effluent 
quality, (ii) the measurement of the amount of accumulated solids at 
different layers of the filter bed by withdrawing samples of water, and 
(iii) the total head loss in the bed. During backwashing the following 
measurements were taken: (i) total solids removed from the filter bed 
during 12 minutes of backwashing, (ii) the time rate of change of 
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turbidity of the backwash effluents and (iii) the time rate of change 
of turbidity at different layers of the bed, which was measured by with­
drawing samples of wash water at the desired layer. The solids removed from 
the filter were determined by analyzing the solids concentration in the 
total wash water used which was collected in a storage tank. 
Ulug determined the efficiency of washing by making a mass balance 
on the suspended solids, by measuring the total solids retained in the 
filter and the total solids removed by the backwash water. He found that 
the percent removal of solids in backwashing increased continuously from 
42.55 percent at 10 percent expansion to the maximum 91.62 percent at 
50 percent expansion. He also found that most solids were removed 
within the first two minutes of wash. He determined efficiency of wash 
by dividing the percent removal, by the total wash water used in liters 
during 12 minutes, and hence obtained 25-30 percent expansion as the 
optimum wash. 
Samples were taken during the backwashing cycle at various levels 
and times for turbidity measurements. From the total turbidity remain­
ing in the filter at a given time, measured by withdrawing samples during 
the backwash, the percent removal of turbidity was calculated and 
plotted against the volume of wash water passed. The time change of 
turbidities of the wash water in the filter bed at different levels and 
different expansions was also plotted. From an analysis of these 
results, Ulug again concluded that 25-30 percent expansion was indeed 
the optimum. His results indicate that the retained turbidity in the 
bed at 50 percent expansion was more than that retained at 25-30 per­
cent expansion. 
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In order to give a theoretical explanation for the observed result 
of 25-30 percent expansion as the optimum, Ulug determined the maximum 
shear stress per unit approach velocity for the system. By plotting 
[(shear stress) / /velocity of approach] against expansion he found 
that this parameter gave a maximum at 25 percent expansion. 
A critical and careful analysis of Ulug*s work, will indicate sev­
eral inconsistencies in the analyses, which lead him to the invalid 
conclusion of optimum expansion of 25-30 percent. These expansions 
give porosities of the order of 0.52-0.54. 
(i) If as shown, optimum expansion is 25 percent for a uniform 
system it clearly means that for a graded sand system to have the 
analogous hydrodynamical conditions for optimum cleaning, the expan­
sion should be 25 percent at the top sections of the bed, since most 
solids are removed in these layers. This would lead to total bed 
expansion of the order of 5 percent, since the larger particles at 
the lower layers may not be even fluidized; this has been shown to 
be quite inadequate and one of the chief causes for mud-ball formation 
(6, 10, 20, 46, 49). 
(ii) When a filter is washed, assuming turbulent diffusion is the 
controlling mechanism of cleaning at the initial stages of the wash, 
then as shown by Eqs. 32 and 33 the diffusion of particles will be 
initially proportional to time t, and subsequently to /t. Thus, wash­
ing the filter for the same time (12 mins) for different expansions 
can only result in the efficiency of wash being less effective per 
unit volume of wash water for the larger expansions, towards the end 
of the washing time. In fact, Ulug himself noted that most of the 
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solids were removed during the first two minutes of each wash. If the 
total suspended solids removed are then divided by the total volume of 
wash water, it will indicate an initial increasing efficiency and then 
a deteriorating efficiency at the higher expansions of 40 and 50 per­
cent. Hence giving an invalid optimum at 25-30 percent expansion. 
For a valid analysis, the same volume of wash water must have been 
used or the suspended solids removed in equal volumes of total water 
should have been compared at the different expansions. The result of 
25-30 percent expansion as the optimum should have been expected on the 
basis of the experimental procedure. 
(iii) There seems to be some discrepancy in the results as re­
ported on the percent removal of turbidity. According to the mass bal­
ance of the total suspended solids it was shown that the maximum re­
moval of suspended solids (91.62 percent) was achieved by backwashing 
at 50 percent expansion for 12 minutes. This is a rational result, 
since this wash utilized the greatest amount of wash water. However, 
the turbidity of samples of water taken from the bed during this wash, 
seem to be much greater than the turbidities at the other expansions 
at the same times, whereas we would expect the turbidities to be dimin­
ished too. The author of this dissertation hypothesizes that this was 
because the 50 percent expansion run was probably the last run to be 
made. Thus, the media was coated continuously on each run and the last 
run had to deal with the largest amount of accumulated matter. This con­
clusion is not pure conjecture, it is based on experimental evidence 
which will be presented later in this thesis. No experimental details 
on how each run was started have been presented by Ulug. This shows 
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the problems of using a single filter to make comparative studies. It 
would be much better to use a set of filters simultaneously as in the 
present study. If a single filter were used, then new media or iden­
tical media should have been used for all the runs to avoid this type 
of error. 
(iv) The final critical comment is on the theoretical prediction. 
It appears that Ulug has sought to relate how the shear stress can be 
modified to conform to the experimental evidence of 25-30 percent ex­
pansion being the optimum. This is possibly the reason for the selected 
parameter, [(shear stress)//approach velocity]. Purely on an analytical 
basis, if the shear stress is the primary parameter controlling the 
cleaning mechanism then we would expect that better cleaning will result 
by the higher shear stress. The only way an optimum will result is if 
the shear force itself reaches an optimum or a maximum. The present 
study provides a complete theory indicating that this maximum of shear 
occurs at a porosity of 0.65-0.70, and showing how well it is confirmed 
by the experimental evidence. Ulug has calculated the shear stress 
based on the same equation as that which will be used by the author of 
the present study for his optimum theory, namely. Camp's Eq. 42. Ulug 
has also shown that the shear force increases continuously throughout 
the expansions from 10 percent to 50 percent, which is also a confirma­
tion of the theory to be developed in the latter sections of this thesis. 
The above, rather detailed analysis of Ulug's work had to be pre­
sented to make it quite clear that the evidence he has presented is not 
a contradiction of the present study. A superficial analysis might lead 
one to assume as proven fact, the single sentence saying 25-30 percent 
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expansion was optimum and present it as a contradiction of the present 
study. However, the evidence as presented by Ulug leaves room for 
criticism, especially that section of the study which deals with the 
optimum backwash. This criticism, however, does not in any way imply 
that the study itself was less valuable. As already stated it is 
really the only known study of backwashing of a substantial scale. 
B. The Fluidization Literature 
1. Predominance of hydrodynamic forces in cleaning mechanism 
The basic hydrodynamic behavior of a fluidized bed is frequently 
forgotten in trying to explain the removal of impurities from the grains 
of a filter sand during backwashing. Fair and Geyer (33, p. 676) mention 
that "substances adhering to the filter grains are dislodged... by the 
rubbing together of the suspended grains". Babbitt et al. (5, p. 494) 
state that the "purpose of such expansion is to cause the sand grains 
to rub against one another". 
From purely theoretical grounds it should be expected that the sus­
pension of particles in a rising stream of fluid requires a field of 
flow around each particle thus negating the concept of a number of 
particles rubbing together when fluidized. Considerable direct evidence 
(61, 62, 72) as well as most correlations (2, 53, 59) are based on the 
assumption that the particles are uniformly distributed within the beds. 
Thus, experimental verification of these correlations implies that the 
assumption of uniform distribution is reasonably valid. Further qualita­
tive support of the above assumption is the fact that particle attrition 
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(73, p. 258) is negligibly small in fluidized beds and also the fact that 
however well filters are backwashed, sand growth by layers of deposited 
material frequently occurs in significant amounts. Johnson and Cleasby 
noted a growth from 0.43 mm to 0.65 mm in 14 years at the Ames plant 
(49). 
The most significant work which removed the above from the realm 
of postulates to that of fact is Rowe's studies of "Drag forces in 
hydraulic models of fluidized beds I, II" (61, 62). He showed in a 
fundamental study that the drag forces on spheres arranged in regular 
arrays is extremely sensitive to the separation between the particles. 
The required modification to the drag coefficient for a single particle 
Cjj, due to neighboring particles was effectively to multiply it by 
(1 + ^ '^ )^, where Ô = dimensionless spacing of the particles based 
on the particle diameter, where x = clear distance between particles. 
Particles in various close packed arrays, (6 = 0.1 - 1.1, d = 0.5 in.) 
were found to be subjected to a drag 68.5 times greater than that on 
an isolated particle for the same superficial velocity of the fluid 
(62). The value of the drag coefficient given by the above expression 
when 6 = 0.01 is 69 and was considered to refer to the terminal condi­
tion (61). 
Rowe's studies showed that small local changes of particle concen­
tration were unstable, because they required a very large change in the 
velocity distribution. A local decrease in particle concentration of 
3 percent required the velocities to be doubled. It can be seen that 
as 6 ^  0, the drag coefficient -+ however the expression does not 
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apply for 6=0. The studies indicate the existence of lateral re­
pulsive hydrodynatnic forces between particles; these became extremely 
large as the spacing between particles was reduced. Thus physical 
contacts between particles in fluidized beds were extremely limited 
and the particles were uniformly distributed in the fluid field. Rowe 
clearly indicates that his development does not eliminate the existence 
of particle contacts and concentration effects, but only that they can­
not persist and their effect is negligible. Adler and Happel (1) have 
also indicated that solid-solid frictional effects in the low porosity 
range of fluidized beds where they should be most significant were 
Inconsequential. 
In a study of the stability of particulate fluidization, Jackson 
developed general equations of motion for a fluidized assembly of 
Identical particles (48). In discussing the equations of motion, he 
neglected terms due to the direct interaction by collision, and jus­
tified it in two ways. Firstly, if collisions between particles were 
of comparable importance to drag forces than the number of particles 
per unit volume would be expected to decrease with height above the 
bed support, in the same way as the pressure of the atmosphere de­
creases with height above the earth's surface. Secondly, a posteriori 
justification was provided by the fact that the equations of motion 
obtained by neglecting collisions gave a good qualitative account of 
the main phenomena of fluidization. 
Murray (55) summarized Jackson's arguments, and also gave some of 
the other reasons for the fact that negligible particle collisions occur 
in fluidized beds. He stated that. 
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Collision forces, which are a form of particle pressure, 
are also small, since, if such a term were important it would 
probably increase with n (n = number density of the parti­
cles) . This would result in^ a gradation in np from the sur­
face into the bed from zero to a finite value, this is not 
observed. The surface appears to be a discontinuity. Further­
more, observation of particle flow round a bubble by X-ray 
techniques seems to show little or no contact interference 
between neighbouring particles. Also, if collisions were fre­
quent, the noise would be noticeable, which is not the case. 
Though Murray was chiefly concerned with aggregative fluidization, it is 
a well known fact (2, 29, 55, 73) that the fluidized section of the bed 
outside the bubbles is very similar to a particulately fluidized bed at 
minimum fluidization. The hydrodynamical behavior of the continuous 
phase is, hence, similar to that of a particulately fluidized bed. 
In a recent two-dimensional study (which may not effectively extra­
polate to three dimensions) using a mono-layer of fluidized particles, 
Volpicelli et al. (72) indicated the presence of inhomogeneities in 
particle distribution within the bed. They presented photographic 
stills from their motion picture study of the fluidized beds. A study 
of these photographs by the author of this thesis showed that particle 
contacts are rare, which confirms Rowe's studies. Their studies must 
be interpreted with caution since they used steel balls and water as one 
of their systems; this system will exhibit marked aggregative tendencies. 
This study also indicated that particle flow patterns switch from a 
circulation regime to a regime of quasi-random motion as the voidage 
increases. This characteristic, confirmed by other workers too, has 
Important implications in the development of criteria for backwashing 
at optimum rates. 
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In a recent Russian theoretical study, on the pseudo-turbulent 
diffusion of particles in homogeneous suspensions using tensor analysis, 
turbulence equations were developed for a two-phase system by Buevich 
and Markov (15). In a discussion on the collisional dissipation of 
energy the authors stated that particles under going collision have 
step-changes in velocity which will always be small for dilute suspen­
sions. They also said that the collisions of particles suspended in a 
liquid are characteristically very gradual and there are no step-wise 
changes in the particle velocities. The latter being due to significant 
increases in the pressure in the liquid layer between the particles as 
they approach each other, and the need for "squeezing out" this layer 
before direct contact of the particles occurs. An analogous effect 
also occurred as particles approach a solid wall and in lubrication 
processes, when the lubricating liquid in the gap between bearing and 
slider played the part of this liquid layer. Hence, they concluded 
that any model of energy dissipation based on elastic collisions will 
be in error by at least an order of magnitude. 
Ruckenstein (63) developed a physical model for a homogeneous 
(particulate) fluidized bed, using the equation of motion of one par­
ticle which is part of an ensemble of particles in interaction with a 
fluid. The equation is established by neglecting the interaction by 
collision of the particles of the ensemble. 
All the above evidence in the fluidization literature pinpoints 
one single fact; that, the effect of collisional interactions between 
particles in the fluidized state is comparatively insignificant. This 
fact, now becoming more and more accepted in the sanitary engineering 
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literature (2, 3, 20, 71) indicates, that the age old argument whether 
abrasions between particles or the hydrodynamic shear forces are the 
predominant cleaning mechanism, will finally be laid to rest. This 
conclusion is also one of the basic assumptions of the theory developed 
by the author of this thesis in a later chapter. 
2. Particulate fluidization and optimum turbulence 
Analyzing a filter being backwashed, qualitatively, will indicate 
that at minimum fluidization Individual particles have no motion and 
frequently the fluid motion is streamline, hence cleaning of the media 
will be negligible; at the other extreme overexpansion of the bed will 
also reduce the cleaning action due to large separations between par­
ticles. This macroscopic analysis indicates that somewhere between the 
two extremes lies an optimum condition which we seek. 
The review of the literature quoted in this section indicates a 
striking phenomenon discovered in particulate fluidization research; 
namely, the existence of a maximum value for most turbulence parameters 
at a porosity of 0.65-0.70. This was the fact that originally lead the 
author towards inferring that the elusive condition of optimum backwash 
would probably be centered around this porosity. This entire disserta­
tion revolves around proving, theoretically and experimentally, this 
hypothesis. 
Considerable evidence was collated in a previous section to show 
that particle abrasions or collision are inconsequential in a fluidized 
bed. This fact leads immediately to the deduction of two very important 
hypctheeee? (i) our present mode of cleaning filters by fluidization 
has an Intrinsic weakness in the process It f; and (ii) the most that 
can be achieved from the process is to back; h at flow rates which will 
produce the maximum turbulence and the maximum shear in the fluid-
particle field, for this is the principal mode of cleaning. Alleviating 
the first weakness needs an invention which will revolutionize filtra­
tion technology. The second problem is far more tractable both theoret­
ically as well as experimentally with the systems we have at present 
and the knowledge we have in fluidization. 
Hanratty, Latinen and Wilhelm (40) were the first to use Taylor's 
turbulence equations, Eqs. 27 to 36, to describe the diffusion of a 
tracer dye in particulately fluidized beds. They established the mixing 
parameters-eddy diffusivity (Eqs. 37 and 40), and the scales and in­
tensities of turbulence (Eq. 21a, Eq. 18). The experimental studies 
were made in a 5.40 cm Lucite tube, by admitting methylene blue dye 
from a central location to the bed of fluidized particles. Four 
different systems consisting of glass spheres of diameter 0.47 mm, 
0.93 mm and 3 mm, as well as silica spheres of 1.84 mm were used for 
the solids in the bed. In all runs except two, a constant expanded 
bed height of 20.3 cm was maintained and the porosity was adjusted by 
changing the amount of solids in the bed. Two types of sampling trav­
erses, radial and centerline were used to measure the spreading of the 
dye. 
The time scale of turbulence was measured from the x-axis inter­
cept of Eq. 36 written in Eulerian form. 
64 
where, 
z - coordinate In direction of flow. 
-T -
The intensity of turbulence u / U, was determined by measuring the 
^~~2 initial slope of the X vs. z curve, similar to Eq. 32. The limiting 
value of the eddy diffusivity was evaluated from the slope of the 
~2 X vs. z curve at very large values of z. 
The results indicated that the theoretical equations of Taylor's 
theory of turbulence were applicable for diffusion in a particulately 
fluidized bed. A minimum Peclet Number (i.e. maximum eddy diffusivity) 
was found for all particle sizes and corresponded to a porosity of 0.70. 
This maximum eddy diffusivity was directly related to the maximum in 
the length scale of turbulence, which also occurred at this porosity. 
The intensity of turbulence increased continuously for all porosities. 
For the bed of 3 mm spheres the maximum scale of turbulence was approx­
imately 4 mm. 
Hanratty et al. did not attempt to provide a quantitative explana­
tion for the minimum Peclet Number at the porosity of 0.70. Qualitatively 
explaining the observed phenomenon in terms of the random-walk model 
they stated, 
Mixing in a packed bed was found to be explainable 
in terms of a random-walk model, and it is suggested 
that a dense fluidized bed retains elements of this 
mechanism. The distance a fluid element must side 
step in order to pass around a particle decreases as 
the bed is expanded. Eventually, at a fraction void 
of 0.70, a fluid element may begin to flow past solid 
particles without the necessity at each level of flow­
ing laterally in order to evade a particle. Beyond 
**  ^ mm J -Î 1 £ mm ^  ^  J M —% m m ^  ^  .f JX ^  1  ^  ^^ ^  ^  ^^  
V y y W w w A. 
bulence is particle generated and the eddy diffusivity 
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is a direct function of particle population, 
leading to an increase in the Peclet Number 
as the velocity is increased. 
Cairns and Prausnitz (16, 17) studied macroscopic mixing and 
longitudinal mixing in solid liquid fluidized beds. The studies in 
longitudinal mixing were made by determining :he electrical conductance 
break-through curves using very small electrical conductivity probes 
with a step-function input of salt-solution tracer. The principal 
advantage of the conductivity method was that it enabled continuous 
monitoring and hence the tracing of transient velocities in the system. 
Longitudinal eddy diffusivities were determined for 1.3 and 3.0 mm lead 
spheres and 3.2 mm glass spheres in 2 and 4 inch diameter beds at a 
distance of 5 bed diameters from the injection point. 
The analysis of the data was based on a statistical model developed 
by H. A. Einstein in connection with the motion of pebbles in a water 
stream. The model gives an easy and rapid method of determining the 
Peclet groups from the experimental data. The longitudinal eddy diffu­
sivities were determined for various solids to column diameter ratios, 
various radial positions and various void fractions. The results were 
consistent with the fact that the fluidized bed was considered as a 
transition between a packed bed and an open tube. It was found that 
the ratio of longitudinal to radial eddy diffusivity E^ /E^  was approx­
imately 20 to 30. Thus, the rate of longitudinal mass transfer was 
very much greater than the radial transfer. 
In all cases a maximum of the longitudinal eddy diffusivity 
occurred at a porosity of 0.65 to 0.70. This maximum was much more 
pronounced for the lead sphere system than for the glass sphere system. 
66 
On defining the Peclet group in terms of the diameter of the solids in 
the system, a minimum Peclet Number occurred at a porosity of 0.7 in 
all cases. However, for the glass sphere system an asymptotic minimum 
value was reached for all porosities greater than or equal to a porosity 
of 0.7. The authors concluded that the eddy diffusivity was strongly 
affected by the density and concentration of particles in fluidized 
beds and a maximum in the mixing properties occurred at a fraction 
voids of 0.7. 
In the study reported later the authors investigated macroscopic 
mixing (17) with a similar experimental set up. They measured the 
frequency distribution of fluctuations and the correlation coefficients 
at two points separated by a known distance. From the mixing data, 
radial eddy diffusivities, scales of turbulence and intensities of 
turbulence were measured. 
Since mixing-length theory suggested that the mixing process-in 
fluidized beds was analogous to molecular diffusion, a similar analyt­
ical model for a steady state system in cylindrical co-ordinates was 
used for analysis of the data. The results showed that the scale of 
turbulence maximized at a porosity of 0.70. A plot of the Peclet 
Number indicated a minimum corresponding to this same porosity. 
Detailed visual records of the behavior of the solids and the fluid 
was also noted. It was found that the most active particle motion 
occurs in the range of e = 0.70; the motion of the particles changing 
from a circulation pattern to that of random motion. This change in 
flow pattern was also noted by Volpicelli et al. (72), as recorded 
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before, in their studies of a monolayer of particles in the vertical 
plane. 
Lemlich and Caldas (52) studied the heat transfer characteristics 
from the wall to the fluid within a particulately fluidized bed. They 
used a bed of glass spheres fluidized by water and found that the heat 
transfer coefficient maximized at a transition between two regimes of 
flow. The lower regime indicated limited axial mixing, while consider­
able mixing was evident in the temperature profiles at the higher rates 
of flow. The maximum heat transfer coefficient occurred at porosities 
of 0.66 and 0.81 for solid particles of diameter 0.50 and 0.29 mm 
respectively. 
Handley et al. (39) studied the mechanics of fluid and particles 
in a particulately fluidized bed using unusual experimental techniques. 
They obtained a transparent solid-liquid system using soda glass 
(density = 2.50, refractive index = 1.52) and methyl benzoate (density = 
1.08, refractive index = 1.52). An opaque white glass tracer particle 
having the same properties as the transparent soda glass was used and 
the motion of this particle was studied by cine photography. A similar 
technique was used in Ulug's studies of flow visualization as recorded 
earlier. 
Fifty histograms of displacement vectors measured from projected 
stills, showed a mean zero solids velocity and the standard deviations 
were independent of radial or vertical positions in the bed. The mean 
zero solids velocity means that a single particle over a sufficient 
length of time does not have a velocity. This is to be expected from 
the fact that the solids in a fluidized bed do not have a finite 
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velocity over a long period. Thus, particle motion was random and 
homogeneous although isotropic conditions were not obtained. They then 
applied Taylor's random walk type statistical analysis (36, 68, 69) 
which was developed in a previous chapter, to the motion of the parti­
cles as well as the fluid regimes. Their data was analyzed using Eq. 
35 and the Lagrangian time scale determined by means of the extrapolated 
intercept on the x-axis. 
The results showed that the r.m.s. of the turbulent fluid velocity 
u , passed through a maximum at some voidage between 0.44 and 0.75; 
the extrapolated graph indicated a value near 0.70. The r.m.s. of the 
turbulent particle velocity too, similarly, passed through a maximum at 
a voidage between 0.44 and 0.75. Using fluid dynamic pressure measure­
ments (made with a pitot meter) they also found that the vertical turbu­
lent fluid velocity component passed through a maximum at e = 0.68-
0.70. Unfortunately, due to the experimental limitation requiring 
transparency, the authors did not investigate sufficient systems 
expanded to porosities less than 0.65. 
In one of the pioneering studies in fluidization, McCune and 
Wilhelm (54) determined mass transfer characteristics by measuring the 
partial dissolution of spherical and flake-shaped napthol particles in 
a fluidizing stream of water. It was found that the mass transfer 
characteristics for 1/8 inch pellets maximized around a porosity of 
0.70-0.75. 
In a recent study. Galloway and Sage (37) using an instrumented 
copper sphere within a packed bed of soheres studied the local thermal 
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transfer from the instrumented sphere. Using the data of McCune and 
Wilhelm (54) and Rowe (61, 62), they established a boundary layer model 
based on the behavior of thermal and material transfer from single 
spheres and cylinders in turbulent fluid streams. The studies showed 
that a maximum mass transfer occurred at a fraction voids of 0.70 for 
fixed beds. Extending the use of the model for fluidized beds with 
literature data, they showed, that the maximum mass transfer correlated 
with the maximum turbulence at the expanded porosity of 0.70. 
Except for the qualitative observation of changing flow fields the 
researchers have not sought to explain why this maximum occurred at this 
porosity. Probably the answer to this lies in Jackson's studies (48). 
Jackson probed the fundamental mechanics of the fluidized bed and con­
cluded that particulate and aggregative fluidization were both mech­
anistically unstable systems. The instability manifested itself as 
traveling waves of increasing amplitude. His theory predicted that 
disturbances similar to those of bubbles in aggregative systems would 
also develop in particulately fluidized beds. However, for particulate 
systems these disturbances are of the same order of magnitude as the 
size of the solids in the system and do not develop to a noticeable 
extent, except in very deep beds. The visual observations of Cairns 
and Prausnitz (17) previously described in this dissertation, were 
mentioned by Jackson as evidence for the results he deduced from his 
stability study. As additional evidence he also referred to the papers 
by Slis et al. (65) and Kramers et al. (51). 
In the study by Slis et al., they determined the propagation of a 
discontinuity in the porosity by a sudden change in the fluidizing 
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velocity. They showed that the boundary between the old and the new 
porosity broadens or remains sharp, depending on whether the porosity 
was increased or decreased. It was found that the velocity of small 
porosity disturbances was given by, 
"ûe = Ug n (1 - E)" " ^ (46) 
where, 
= velocity of propagation of small porosity 
disturbance 
n = expansion coefficient in Richardson and Zaki's 
equation 
The above function has a maximum around e = 0.65-0.70 and the porosity 
function is similar to the shear stress function developed by the 
author of this thesis in a later chapter. 
Kramers who was a co-author of both papers (51, 65), studied in 
the second paper (51), the longitudinal dispersion of liquid in a 
fluidized bed. The study used a similar experimental set up as that 
used by Cairns and Prausnitz (16) except that Kramers et al. used very deep 
beds (12 meters and 6 meters) and fluldlzed glass spheres of diameters 
0.50 mm and 1.0 mm (51). In order to avoid any external influences 
they took great care to eliminate, as far as possible, all visible 
systematic eddies. In fact the tubes used for the bed were purchased 
as a single piece and had no connections or protuberances. 
The results indicated (51) , a hump in the longitudinal diffusivity 
at z pcrcslty of 0.7 for the 0.50 ram particles. However at 
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porosities greater than 0.75, the value of the diffusivlty continued to 
Increase. For the 1.0 mm system the hump at the porosity of 0.7 was 
barely perceptible. Analyzing these results in terms of the reported 
maxima of Cairns and Prausnltz's studies (16, 17) the authors concluded 
that the eddy diffusivlty was composed of two parts. One part was 
supposed to be due to the eddies produced by individual particles and 
this contribution passed through a maximum at the porosity e = 0.70. 
The other part which strongly increased at higher values of porosity 
was thought to be connected with the presence of local porosity 
fluctuations which were seen to travel upwards through the bed. 
In discussing the above paper, Seek (12) reported on theoretical 
attempts which were made in order to explain both mechanisms. Using 
statistical turbulence theories and considering fluctuations in 
porosity, velocity and concentrations, he developed an equation of 
the form, 
+ Cg C(n + l)"ë - (n - l)][n"ë - (n - l)]ë"^ " 
s 
(47) 
where, 
e = e - e' = mean porosity 
e' = fluctuation in porosity 
c^ , Cg = constants to be determined empirically 
By suitably choosing c^  and Cg, Beek was able to find a good fit for the 
data. The values of c^  and were strongly dependent on the Reynolds 
The first ter= ir. the scueticn wzs predominant at the 
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porosities, while the second term dominated values of the diffusivity 
at the higher porosities. 
All the above studies have considered a solid phase and a pure 
fluidizing liquid. In order for the above results to be directly 
applicable to backwashing, it is necessary to assess, whether, the 
presence of a number of small floe particles in the liquid phase, will 
affect the turbulence parameters. Precisely this question, the effects 
of solids on turbulence in a fluid, was studied by Kada and Hanratty 
(50). Using the same technique as that used by Hanratty et al. (40) 
to study turbulent diffusion in fluidized beds, mentioned previously 
in this thesis, Kada and Hanratty studied the effect of solids con­
centration of 0.13 to 2.5 percent by volume on the turbulent disper­
sion characteristics of a pure fluid. They found that one of the chief 
variables affecting the system was the slip velocity, which was the 
difference between the particle and fluid velocities in the direction 
of flow. For the systems studied the slip velocity was equal to that 
of the free fall velocity. It was found that glass particles of diam­
eters 0.10 mm and 0.38 mm and concentration of 1.5 percent and 1.7 
percent by volume had no effect at all on the turbulent dispersion 
characteristics of the fluid. One of the principal conclusions of the 
study was that for systems with small slip velocities the effect of 
solid concentrations upto 1.5 percent had no effects at all on the 
dispersion characteristics. This study provides the final argument 
for applying the results of the studies reviewed in this chapter to 
the backwashing of filters. 
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The evidence recorded above is impressive, since several studies 
have confirmed the central result. The impressiveness lies in the 
fact that totally different experimental techniques used to study 
different, but hydrodynamically related characteristics, namely, 
scales of turbulence, eddy diffusivities, Peclet numbers, particle 
and fluid motions, mass transfer and heat transfer effects, all yielded 
the surprising fact of maximization at a porosity of approximately 
0.65-0,70. The very few studies which have sought to explain the 
reason for this maximization of the turbulence parameters, indicate 
that the diffusivity is probably due to two factors. One is due to 
the eddies associated with the particles and the other is due to 
porosity fluctuations which travel up the bed. 
C. A Summary 
The essential conclusions of the entire literature review can 
be summarized as follows. 
(i) Filter backwashing is one of the operations in water treat­
ment plants which has caused the most amount of maintenance problems, 
but it has received the least study, especially in its fundamental 
characteristics. 
(ii) Considerable evidence exists in the fluidization literature 
that particle collisions in the fluidized state are of negligible 
consequence compared to the hydrodynamic effects. This fact is also 
being realized in the sanitary engineering field and as a corollary 
it implies that the present mode of cleaning a filter is inherently 
unsatisfactory. 
74 
(ill) The fluldization literature abounds with evidence that the 
fluid and particle fields in particulate fluidization can be described 
by the statistical turbulence theories, even though the actual fluid 
velocities are not in the turbulent regime. It has been found that 
most turbulence parameters had a maximum at an expanded porosity of 
0.65-0.70. It is hence hypothesized by the author of this dissertation 
that, within the constraint that fluidization is not an excellent 
process for cleaning, the best cleaning that can be achieved is by 
expanding the bed to these porosities. 
(iv) Only qualitative and semi-quantitative attempts have been 
made to unravel the reasons for the optimum in the turbulence parameters. 
These have been based on the assumption that dispersion is caused by 
(a) eddies around individual particles and (b) the movement of porosity 
fluctuations through the bed. 
The theory developed for optimum backwashing in the next chapter 
is entirely new and original, however it draws sustenance, principally 
from the conclusions and results reported and summarized in this sec­
tion of the dissertation. 
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V. THEORY OF OPTIMUM BACKWASHING 
The following is an original theory of backwashing developed from 
the results reviewed in the previous chapters and also using additional 
concepts in filtration. 
A. The Formulation of the Physical Model 
1. An Introduction to filtration 
Consider a filter at the end of a filtration run and prior to back-
washing. It is generally accepted among research workers that the mech­
anism of particle removal during filtration involves two steps: trans­
port and attachment. Straining, interception, diffusion, sedimentation, 
inertial and hydrodynamic effects all contribute towards the transport 
mechanism. The attachment mechanisms or as some refer to it, attach-
ment-detachment mechanisms are still not completely understood or 
universally accepted. But most investigators have agreed that attach­
ment of particles to grain surfaces or to previously deposited particles 
are due to molecular forces (London-Van der Waals) that are operative 
at very close range (47) . Hence adsorption of suspended particles to 
the surfaces of the filtering medium has been proposed by many workers 
as being a principal mechanism (47). Camp on the basis of shear 
strength calculations (18, 20) suggested that the number of molecular 
bonds involved in adhesion of the floe to the grains had to be extremely 
small. He suggested that the floe sheaths during filtration were rest­
ing on the grains like a cap with little adhesion, but with sufficient 
tensile strength to resist the shearing forces during filtration. The 
76 
filter sand and the solids removed from the water form a porous matrix 
through which even at the end of the filter run the flow is laminar (25). 
Due to gradations in the sand as well as increased removals at the 
top, the matrix is more dense at the surface of the filter than at 
greater depths. Excellent reviews of filtration with far more details 
can be found in the published works of Cleasby (23), Baumann and 
Oulman (7), O'Melia and Crapps (57) and Ives (47). 
2. The backwashed filter 
On the basis of the accepted theories of filtration it is hypoth­
esized that the solids deposited in the dirty filter be considered to 
consist of two portions. The first portion is due to the interaction 
of the electrical double layers of the media and the suspended solids 
being removed, and also due to molecular cohesive forces (Van der Waals 
forces). This results in the adsorption of floe particles on the media 
and on previously deposited particles. The second portion can be con­
sidered to consist of suspended solids deposited in the pores with 
negligible cohesion between adjacent particles. This division is 
rather arbitrary and the extent to which each portion dominates the 
solids removal, greatly depends on the characteristics of the solids 
being filtered. However for a number of systems the second portion 
is chiefly due to solids being deposited within the pores by various 
physical means such as straining, sedimentation, etc. The experimental 
work of Cleasby et al. (26) and Cleasby (24) lends support to this 
assumption, since even very small changes in filter flow rate caused 
material to be flushed out of the filter. A schematic drawing of the 
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dirty filter is shown in Fig. 1. It is further hypothesized that during 
the initial stages of backwashing the loose matrix breaks up into small 
particles and forms a suspension of very light solids in the liquid 
phase. Some evidence for this hypothesis can be found in the paper by 
Edeline, Tesarik and Vostrcil (30) and Cleasby's dissertation (24). 
Iron floe was found to have densities of 1.001 to 1.004 g/cc and dimen­
sions of 20 to 100 p. Hence applying the results of Kada and Hanratty's 
experiments (50) the backwashed suspension can be said to have turbulence 
characteristics identical to that of a pure liquid. This follows be­
cause of the low density and small slip velocities of the floe particles. 
During the later stages of backwashing the solids that tend to be 
removed are those around the particle. Since only hydrodynamic forces 
are involved in this cleaning it can be expected that the removal of ad­
sorbed particles will be small. Thus it can be postulated, on the 
basis of the fluidizatlon literature reviewed, that the initial dis­
persion of the settled material is due to turbulent dispersion within 
the fluidized bed which reaches a maximum at porosities of 0.65-0.70. 
Towards the end of backwashing the boundary layer adjacent to the coated 
particle becomes the significant section for removal of filtered floes 
and shear forces at the boundary are the principal cause for removal of 
the solids. Even though shear forces will probably predominate the 
cleaning mechanisms at the later stages of cleaning, it needs to be 
remembered that the turbulence characteristics and the hydrodynamic 
shear forces are inextricably bound together and both contribute towards 
cleaning the filter at all stages of backwashing. It is necessary to 
reemphasize that in both types of cleaning mechanisms described. 
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Fig. 1. Schematic view of dirty filter 
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abrasion and collisions between particles do not significantly contribute 
towards the cleaning of the filter. 
B. A New Mathematical Theory for Optimum Backwashing 
It has been shown in the previous section that filter cleaning dur­
ing backwash is due to the turbulence of the fluidized bed and hydro-
dynamic shear forces. The voluminous fluidization literature quoted, 
has shown that turbulent diffusion is maximized at the porosity of 0.65-
0.70. Some mathematical theories have sought to identify this maximum 
with the eddies around particles and the fluctuations in porosity which 
travel up the fluidized bed. 
The following new theory shows that hydrodynamic shear forces in a 
fluidized bed reach a maximum at this porosity of 0.65-0.70, for most 
systems considered. Even if the turbulence parameters cannot be directly 
related to the shear forces at the present time, on the basis of the 
discussion in the previous section, the cleaning in a backwashed filter 
bed necessarily reaches an optimum with the maximum shear. Since shear 
and turbulence parameters are inseparably related it should be possible 
as a future extension of the theory, to obtain an analytical model which 
will relate the maximum in the hydrodynamic shear to the maxima in the 
turbulence parameters. This is also predicated on the fact that the 
actual fluid velocities in a fluidized bed are in the transitional 
regime and only the interaction with the solids produces a system hav­
ing behavior similar to that of a turbulent field. 
Consider a one dimensional analysis of the motion of an elemental 
volume of fluid as in Fig. 2. Let p = pressure intensity, S = shear 
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Fig. 2. Shear forces and velocities on elemental volume of 
fluid 
81 
stress, V = velocity and Ax, Ay and Az be the dimensions of the 
cube. 
The work done by shearing stresses is irreversible and is dissi­
pated as heat. This loss in energy corresponds to what is frequently 
called head loss or friction loss in fluid flew problems. 
Let the power dissipated by the torque composed of the shear forces 
due to S, be P^ , 
= torque X angular velocity 
= (SAxAy)Az-  ^
dV' S Ax Ay A z 
By definition 
S = M dV 
dz 
therefore. 
Pi = AxAyAz (48) 
Let the hydraulic gradient in the z-direction or the head loss per unit 
length be (^ ). 
Hence the power dissipated by the element of height Az and area of 
cross section AxAy, moving with a velocity V' is. 
Pg = (^ ) Az.AxAy p^ g'V (49) 
82 
Since the power dissipated by the shear forces corresponds to the 
head loss, Eqs. 48 and 49 give 
AxAyAz = (^ ) AxAyAz p^ gV, 
that is, 
(f-) - (50) 
Now, [(^ ) PggV'] is the power dissipated per unit volume, say and 
G is the velocity or shear gradient defined as (^ ~) > hence Eq. 50 
reduces to. 
fT 
G = (-0 (50a) 
Equation 50a is the familiar form of Eq. 50, originally derived by Camp 
and Stein (21) as the general power dissipation function in a three 
dimensional treatment. The derivation of Eq. 50a in condensed form is 
also presented in Fair, Geyer and Okun (34, pp. 22-12). 
For a fluldlzed bed with a superficial velocity V, where V' = ^  
and the hydraulic gradient (^ ) = 1, Eq. 50 becomes 
This is Eq. 42 mentioned previously as presented by Camp (18) for 
calculating the shear forces during filtration and backwashing. 
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Equation 50 will now be put in the form most useful for the follow­
ing development of the theory of optimum backwashing. 
S = w#;- = 7 0] 
1 
S - 7 (A;)]' (51) 
s = shear intensity 
V = superficial fluid velocity 
(^ ) = head loss gradient 
An important property of fluidized beds arises from the fact that 
particles suspended in a fluid require that the frictional drag of the 
fluid exactly counterbalances the pull of gravity. In effect, this 
leads to the requirement that the head loss across a fluidized bed must 
equal the buoyant weight of the particles. Two of the earliest research­
ers to report this well known property were Fair and Hatch (35). In 
differential form this result is, 
dh g = dz (Pg - Pj) g (1 - e) 
that is, 
rlh (Pq " Pf) 
O = <1 - <") 
that is. 
where, 
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The above Eqs. 51 and 52 and the following Eq. 53 form the principal 
equations of the optimum backwashing theory. 
Richardson and Zaki's equation as modified by Amirtharajah and 
Cleasby (3) for graded and irregular particle systems is, 
V = K e" (53) 
where, 
K = f(Vg, d/Dt) = constant for a particular 
system 
= sphericity 
= diameter of tube or bed 
n = expansion coefficient in Richardson and Zaki's 
equation 
The coefficient n is a function of the flow regime and the dimensions 
of the apparatus but is constant for a particular system. For the flow 
regimes of interest under filter backwashing conditions, 
n = (4-45 + 18 for 1 < Re^  < 200 (54) 
where, 
PfVgd 
Re = = Reynolds Number 
o y 
A method of calculating Re^  from the minimum fluidization velocity and ' 
hence n from Eq. 54 is given in Amirtharajah and Cleasby (3). 
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Substituting Eqs. 52 and 53 in Eq. 51 gives 
S = [WGPG— (1 - E)] 
1 
,2 
1 
= [jigK (Pg - p^)(e" ^ - G*)]^ 
that is, 
(55) 
where. 
a = / VgK (pg - Pj) = constant for a particular system 
The above Eq. 55 is the basic equation of the writer's theory. It is 
a relation between the shear stress and the porosity in a fluldized 
bed. 
Let us analyze this function by classical optimization techniques 
to determine the stationary points of the function as the porosity e 
changes. 
2 
The simplest analysis is to consider the function S . 
. .2 - 1 - €-) 
2 
Differentiating with respect to e by treating S as an implicit func­
tion. 
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2S = of [(n - l)e" " ^ - n e° " 
= 0^   ^[(n - 1) - ne] (56) 
For stationary points = 0. Since <* E cannot be zero, 
(n - 1) - ne = 0 
therefore, e =  ^  ^ (57) 
n 
Hence the maximum or minimum value of S is given by the value of S 
when t = ~ . 
n 
Differentiating Eq. 56 again. 
2 
2S ^  + 2 (~)^  = ct^ e" " ^  [(n - 1) (n - 2) - n(n - l)e], 
de 
When e = ~  ^= 0, 
n de 
therefore. 
j2 « _ 1 n - 3 
2S —T = ot ( ) (n - 1) [(n - 2) - (n - 1)] 
de'^  " 
= a (—^ ) (n - 1) [-1] 
n 
Since S f 0 and n > 1, therefore 
87 
â-| < 0 when e • 
Thus the stationary point is a maximum. Alternatively, the following 
simpler analysis gives the same result. 
Consider the sign of ^  as it passes through the stationary point. 
From Eq. 56, 
 ^> 0, for e < ~ de ' n 
 ^< 0, for e > de ' n 
Hence the stationary point is a maximum. 
It is shown in Chapter VIII of this thesis that the effective n for 
the top 3 in. of the graded sand is 3.54. For the uniform sand used in 
part of the current study n = 3.3. 
For the graded sand maximum shear stress S occurs at, 
(° - 1) = (3-54-1) . 0 ,2 
n 3.54 •' 
For the uniform sand. 
e = Y"! = 0*70. 3*3 
Thus, a maximum shear stress S occurs in a fluldized bed at the 
porosity e = which corresponds to porosities of 0.70 - 0.72 
n 
for real sand systems. This is the main result of the optimum back-
washing theory. 
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The above result derived entirely from the theory indicates that 
optimum cleaning of the filter by maximum hydrodynamic shear forces 
occurs at the porosity 0.70-0.72. This theory in combination with the 
literature cited in fluidization, which reviewed several experimental 
studies indicating an optimum diffusion at the porosity 0.65-0.70, pro­
vide an excellent theoretical framework for experimentally studying 
optimum backwashing. Detailed experimental studies which provide con­
firmation of this theory are presented in the later chapters of this 
dissertation. 
It should be noted that the above theory is developed from three 
equations which are valid for all types of flow regimes in fluidization. 
Camp and Stein's equation is valid for viscous as well as turbulent 
flows since it only equates the energy dissipated by shear to the head 
loss. The constant head loss equation is valid for all fluldized 
beds and Amirtharajah and Cleasby's equation is a modified form of a 
power function of porosity which is valid for all shapes and sizes of 
particles. Hence the theory developed is applicable for all particu-
lately fluldized systems in all regimes of flow. 
The following is an extended analytical treatment of the above 
theory to determine how sensitive the maximum is to changes in porosity. 
From Eq. 55, 
1 
S - a [e" ~ ^  
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therefore, 
dS a [(n - l)e" ~ ^  - ne" 
dE = 2 1 
Ce" - ^  
In terms of finite increments. 
is = f [(- - 1) - ^ . a: 
[E° - 1 
Therefore, 
M = 1 [(n - 1) - ne3e"  ^
 ^  ^ [E? - 1 - E*] 
As Consider the ratio —, that is the ratio of the incremental change in 
shear to the shear, around the maximum value of S (i.e. at (n - 1) -
ne = 0). 
It is seen that ^  0 X AE. 
This shows that the maximum value of S is very insensitive to 
changes in e, or in simpler terms the curve of S vs. e is very flat 
around the maximum. Thus the effect on the shear stress of changes 
in porosity around the maximum will be very small. A more rigorous 
analysis of sensitivities can be made by expanding the function S 
around the maximum in terms of a Taylor Series. However this degree 
of sophistication in analysis is unwarranted since simpler methods 
yield equally valid conclusions. 
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Some numerical values will reinforce the above analysis. Consider 
the values of S for the following values of e when n = 3*1. 
1 
At E = 0.68, S = a [e" " ^ 
max 
1 
= a - o.es^ 'i]^  
= 0.378 o 
At E = 0.60, S = 0.368 a 
At £ = 0.75, S = 0.370 a 
Thus it is seen that nearly 12 percent change in e produces only 
2-21/2 percent change in S. 
For backwash porosities of approximately 0.52 (i.e. 25 percent 
expansion) used commonly in practice, shear stress S = 0.349 a. Thus 
change in shear stress from that at optimum is 7.8%. It needs to be 
emphasized that even though the change in shear stress maybe small it 
is quite possible that even very small changes in shear stress may 
have considerable effect on the cleaning action. 
It is anticipated that the above theory can be extended to graded 
systems using a probability function to represent a graded bed. However 
this extension is not being pursued in the present study due to 
limitations in space. It is only by applying the theory for a 
graded system, as explained below, can the above theory be meaningful 
in practice. 
As a fitting closure to the above theory, it is necessary to 
anticipate the results that can be derived by applying this theory 
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to backwashing in practice. The theory predicts an 
at a porosity of 0.70. Consider a uniform sand bed 
fixed bed porosity of 0.40. For the porosity to be 
state of depth A', 
(1 - 0.70) = (1 - 0.40) 
therefore, = 2%^ . 
Hence the expansion required is nearly 100 percent. This can rarely be 
achieved in practice. However, for a graded system the particle 
diameters at the top of the bed are a fraction of the diameters in the 
deeper sections. Thus an expansion much smaller than 100 percent will 
cause the porosities to be 0.70 in the top layers. Since these layers 
are the ones that remove most of the suspended matter in filtration, it 
can be rationally expected that optimum cleaning of the top layers will 
produce the best cleaning for the system. Expansions higher than that 
producing the porosity of 0.70 in the top layers, will tend to increase 
the porosities of the layers on top but will simultaneously cause the 
lower layers to reach the optimum porosity of 0.70, hence we would 
expect only a negligibly small decrease in the optimum cleaning. This 
would cause a nearly asymtotic curve of optimum cleaning to be pro­
duced for graded systems. This effect for graded systems in addition 
to that due to the flat shear force-porosity relation indicates that 
the experiments need to be carefully designed so that rather small 
variations in cleaning efficiency can be detected. An exact theory for 
optimum cleaning of graded systems should seek the optimum balance 
optimum in cleaning 
of depth 2.^  with a 
0.70 in the expanded 
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between the gradations in shear force caused by the gradations in parti­
cle size (increasing from top to bottom) and the gradation in removal 
of suspended matter (decreasing from top to bottom). 
In conclusion, the above theory predicts the following character­
istics of optimum backwashing. 
(i) An optimum backwash for uniform systems is exactly predicted 
by the shear stress maximum at the expanded porosity of 0.70-0,72 for 
the sands normally used in filters. 
(ii) This optimum is not very sensitive to changes in porosity 
and requires an expansion of about 100 percent for uniform systems. 
(iii) More importantly, the optimum can be realized for the real 
graded systems at a much smaller expansion; however, an asymptotic be­
havior of the optimum can be expected as the flow rate is increased. 
(iv) The theory shows that for systems having strong surface 
removal tendencies the optimum will be more specific than for systems 
having removals of suspended solids at deeper layers. 
(v) Since anthracite coal has fixed bed porosities of 0.50, optimum 
cleaning of the coal layers can be achieved at expansions of about 67 
percent for uniform coal systems, or much smaller expansions for graded 
coal systems. 
(vi) The theory confirms the experimental result of Rimer (60) 
who found that best cleaning of multi-media filters was achieved by 
step wise expansion of the different layers. 
(vii) The theory also predicts by analogy from the above, that 
step wise washing procedures, or a continuously increasing programmed 
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wash to obtain porosities of 0.70 for most of the layers, will probably 
give the cleanest filter. 
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VI. EXPERIMENTAL INVESTIGATION 
A. Experimental Apparatus 
1. General layout 
A schematic layout of the experimental apparatus is shown in Fig. 
3, and photographic details are given in Figs. 4 and 5. The arrows in 
Fig. 3 trace the path of water from the tap supply to the outlet drain 
for filter F3, during a filtration run. The main pilot plant consisted 
of the university tap water supply (hot and cold) blended in a thermo­
statically controlled mixing valve^  A. The blended water passed through 
a centrifugal pump B, used as an inline booster. After being metered 
in the flowmeter C, the water passed through a dual outlet; one end of 
this outlet fed the supply water to the mixing tank D, while the other 
end provided the backwash water supply. Each of these outlets was 
used singly, and the pump B was only used during high rates of backwash 
since the normal tap pressure was sufficient for most uses. 
The influent to the filters was mixed in tank D with the chemicals 
being added from constant head capillary feeders. The influent water 
was pumped from the mixing tank by a centrifugal pump E which was driven 
by a variable speed D.C. motor. This enabled influent control to be 
achieved. The main influent line trifurcated to the filters, via the 
filter valve system. The effluent from each of the filters Fl, F2 and 
F3, passed through its own flowmeter and then discharged freely into a 
L^awler Automatic Controls, Inc., Mt. Vernon, New York. 
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float operated effluent rate controller. Eleven piezometer connections 
enabled the head losses to be determined at every 3 inch depth of the 
filter. The expanded height of the filters was determined by a scale 
placed along the side of the filter. 
For backwashing the filters, blended tap water was used and metered 
in flowmeter C. The backwash line passed via the valve system, and dis­
charged in a drain. The capacity of the backwash outlet line was in­
sufficient to carry away the higher flows used in this study (nearly 
38 gpm/sq ft) and also, filter media sampling was done during backwash 
requiring an open top in the filter. For these reasons, a siphon back­
wash line was used in addition to the normal backwash line. 
2. Details of filters and appurtenances 
a. Pilot plant filters The filters consisted of 6 in. inner diame­
ter 1/2 in. thick plexiglass tubes 4 ft 5 in. deep with a 3 in. high 
calming section at the bottom. The water was fed through 59 orifices, 
1/16 in. diameter, in a 1 in. thick underdrain plexiglass plate. The 
orifices were arranged as follows: 1 at the center, 6 spaced at 60° 
intervals on a circle of radius 5/8 in., 12 spaced at 30° intervals on 
a circle of radius 1 1/4 in., 16 spaced at 22 1/2° intervals on a circle 
of radius 1 7/8 in. and 24 spaced at 15° intervals on a circle of 
radius 2 1/2 in. Sets of orifices were staggered from one another so 
as to provide a uniform matrix of orifices on the entire plate. The 
calming section was filled with 1/2 in. diameter glass marbles. Two 
pressure gauges, one attached to the center of the calming section and 
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the other to the cover plate of the filter, were provided to serve as 
safety gauges to warn of dangerous build up In pressure. 
The solid particles composing the bed were supported on two stain­
less steel meshes (No. 50 over No. 10) placed above the 1 In. thick 
plexiglass plate with the orifices. This plate rested on the calming 
section of glass marbles. Sixteen pressure taps were located on two 
rows on diametrically opposite sides of the filter. The height of the 
first pressure tap was 3 in. above the stainless steel meshes, while 
pressure tap No. 2 was diametrically opposite and at a height 6 in. 
above the meshes. The other taps were spaced in a line 6 in. from 
one another; thus, the pressure at every 3 in. depth of the fixed or 
fluldized bed could be read on water manometers. Further details in­
cluding drawings of the calming section and the pressure taps have 
been presented previously (2). 
Eleven of the pressure taps from each filter were connected, via 
glass T-connectlons to 4 mm glass tubes which were fixed to 10 ft long 
piezometer boards. The other end of the T-connection was provided 
with plastic tubing and a screw clamp. This outlet enabled flushing 
of the solids drawn into the manometer tubes and, more Importantly, 
provided the means of obtaining continuous drip samples during filtra­
tion. The upper ends of the piezometer tubes were connected to a 
manifold header to permit the application of a small constant pressure 
on all tubes. The pressure was exerted by a rubber squeeze bulb at 
the beginning of each run to depress the water level in the tubes to 
approximately the middle of the board. This enabled reading the 
manometers during the progression of increasing head loss. 
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The height of the bed was measured by placing a scale against the 
filter resting on the top of the two one In. thick plates at the top 
of the calming section. Since the supporting meshes were at the middle 
of these two plates the zero height of the bed was 1 In. below the 
zero of the scale. All original readings In the data books were the 
actual heights of the bed, that Is the scale reaching plus 1 in. 
b. Slow speed mixing tank and chemical doslnp apparatus A mixing 
tank 3 ft high and 3 ft 6 in. diameter, equipped with a slow speed 
paddle was used to provide the necessary detention time for completion 
of the iron precipitation reaction. Allowing 6 in. of freeboard, this 
180 gal tank provided a 30 minutes theoretical detention time at a 
pumping rate of 6 gpm. All filtration runs were made at 7 gpm/sq ft 
and hence the tank provided a theoretical detention time of approximately 
45 minutes. The tank had an overflow outlet which enabled a constant 
head to be maintained on the inlet of the pump E, thus maintaining 
uniform pumping rates. The lower drain allowed a constant bleeding 
out from the bottom sections of the tank small amounts of the mixed 
influent suspension, thus preventing an accumulation of any heavy floe 
at the bottom. A slight excess of Inflow was provided to allow for 
the waste overflow and underflow water. The chemicals were added to 
the mixing tank from a constant head capillary feeder. 
c. Pumps, motors and Influent control A 1 1/2 in. outlet diameter, 
1/3 HP, 3500 rpm close coupled centrifugal pump was used for back-
washing . 
Unipuzp, The "cinncn c.r\.. nolumbus. Ohio. 
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A 1 1/2 in. outlet diameter self priming centrifugal pump^  was 
used to pump the influent water from the mixing tank to the filters. 
The pump was driven by a 2 in. X 3 1/2 in. pulley drive from a 1/3 HP 
2 
D.C. motor equipped with a variable speed control . This system 
enabled the influent pumping rate to be increased simultaneously on 
all three filters by a gradual increase in the speed of the centrifugal 
pump. Thus influent control was achieved; and any changes in flowrate 
affected all three filters to the identical extent. 
d. Flow meters The total flow to the mixing tank during filtration 
3 
and the total backwash rates were metered by a rotameter C which had a 
range up to 13 gpm. Results and experimental details of a calibration 
test made on this flowmeter at 14°C, 38°C and a variable 14°-18°C are 
presented elsewhere (2). Variations due to changes in temperature were 
not detectable in the tests. 
The effluent from each filter passed through a rotameter suitable 
for water flow measurement from 0.2 to 2.0 gpm . These flowmeters G^ , 
Gg and G^ , were calibrated by determining the time to fill a liter 
measuring cylinder. Several readings were taken at 15°C, 25°C and 30°C. 
Variations were found from meter to meter as well as slight variations 
T^eel Self-Priming Centrifugal Pump, Model 1P746, Dayton Electric 
Manufacturing Co., Chicago, Illinois. 
2 Westinghouse Hi-Torque Speed Control with D.C. Motor, Westinghouse 
Electric Corporation, Springfield, Massachusetts. 
3 
Fischer and Porter Precision bore flowmeter. 
4 Fischer and Porter Flowrators. 
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at different temperatures, apparently due to the deposition of small 
amounts of material on the inside of the glass tube or the float. All 
of the current experiments were conducted at 25°C. Before the start of 
each run the flowmeters were flushed with tap water and hence the 
accumulation of deposits on the insides of the glass tubes and the 
float was prevented. This procedure proved sufficient to keep the 
flowmeters clean throughout the studies. 
e. Effluent rate controllers The effluent from each filter 
passed via each flowmeter into a float operated rate of flow controller. 
The controller maintained a constant rate of filtration by holding a 
constant head on a needle valve outlet. Each float chamber was 9 in. 
X 9 in. X 12 in. deep and the flowrate into each chamber was controlled 
by a 4 in. diameter copper float actuating a 3/4 in. float valve. As 
the head loss through the filter increased during a run the float valve 
would gradually open to maintain a constant filtration rate. These 
rate of flow controllers functioned remarkably well. Slight differences 
from filter to filter were adjusted by changing the needle valve set­
tings. The slight decreases in flowrate which would result due to de­
creasing head on the outlet needle valve were eliminated by gradually 
increasing the speed of the influent centrifugal pump E, to maintain 
approximately constant pressure on the float valve. This dual influent-
effluent control system enabled excellent control of flowrate to be 
achieved and also kept the flushing of deposited material to the very 
minimum. The system was based on combining the best of the different 
characteristics of influent and effluent control. This has been dis­
cussed in detail by Cleasby in his paper (22) on rate controllers. 
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f. Filter sand The sand used for this study was a granular filter 
sand^ . The original sand had an effective size of 0.455 mm, a uniformity 
coefficient of 1.52, a specific gravity of 2.648 and a porosity of 
0.412. The graded sand used in the latter stages of the study was this 
original sand. The uniform sand used in the earlier stages of this study 
was prepared by sieving the sand in a Oilman set of U.S. Standard sieves 
on a mechanical shaker for 10 minutes. The uniform sand used was that 
sand, 100 percent of which passed sieve no. 30 and was retained on 
sieve no. 35. This sand had an arithmetic mean size of 0.548 mm or a 
geometric mean size of 0.545 mm on the basis of the adjacent sieve open­
ings. 
The actual filter beds of uniform sand were obtained by the follow­
ing procedure. Each filter was filled up to a static depth of 15 in. 
and fluldized to an expanded height of 32 in. for 15 mln. The top 6 to 
8 in. of the fluldized sand was then siphoned off so as to obtain a 
static depth of 12 in. exactly. Head loss readings for every 3 in. 
depth of the bed during filtration at 6.6 gpm/sq ft, with clean tap 
water were compared. Then sand from each filter was remixed with the 
others so that finally Identical head losses (within 0.1 cm) were 
obtained at all depths amongst all filters. It was also seen that 
use of a constant backwash valve closing time of 2 mlns from an ex­
panded height of 18 in. produced a depth of 12 in. exactly in all the 
filters. Considerable time and effort was spent in this regard and 
F^ine sand, from Northern Gravel Co., Muscatine, Iowa. 
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finally, identical uniform sands as far as practicable were obtained in 
the three filters. 
A similar procedure was used to obtain the 18 in. deep graded sands. 
However, no siphoning off of the fines was done, and the graded sand from 
the supplier was directly used. Obtaining identical head losses in 
graded sand beds with clear water filtration was much more difficult and 
the best that could be achieved was differences of the order of 0.02 ft 
over the entire depth of 18 in., when filtering at rates of 7 gpm/sq ft. 
Since the total head losses were of the order of 1.34 ft, these differ­
ences were of the order of 1 1/2 percent and were considered sufficiently 
small. However, it needs to be emphasized that the experimental design 
was such that a duplication of runs was made on each filter at each 
expansion, hence even these minute errors were eliminated by the aver­
ages obtained on all filtei^ . 
B. Laboratory Analytical Procedures 
1. Preparation and nature of influent suspension 
The influent suspension was prepared by dripping a stock solution 
of ferrous sulphate (FeSO^ .VHgO) from a constant head capillary feeder 
to the mixing tank, into which a metered quantity of water (4.3 gpm) 
was added continuously. This flow rate was sufficient to apply to the 
three filters at 7 gpm/sq ft, and allowed a continuous bleed from the 
bottom of the mixing tank as well as continuous overflow. The stock 
solution of ferrous sulphate was prepared by dissolving 111.1 g of the 
Iron salt in distilled water, containing 16.7 ml of concentrated 
hydrochloric acid and making up to 2 liters in a volumei-tic Ilââk. This 
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solution had an Iron concentration of approximately 0.2 M in an acid 
solution of strength 0.1 N. A drip rate of approximately 11 ml per 
minute of this stock solution gave an iron suspension of 7 mg/l when 
added to tap water at the rate of 4.5 gpm. Final adjustments to obtain 
this 7 mg/l of influent iron concentration were made by altering the 
head on the capillary feeder as well as the flowrate of tap water into 
the tank. With periodic checks on these variables it was possible to 
maintain a uniform influent suspension. Minor fluctuations in the 
chemical feeding rate did occur and were probably due to fluctuations 
in room temperature which caused the viscosity of the stock solution 
to change. 
Table 1 gives a general analysis of the University tap water used 
in the studies. This is a hard well water of high alkalinity and 
total dissolved solids and of relatively constant quality. When 
ferrous sulphate in acid solution was added to this water a yellowish 
brown precipitate was formed. A sample of the suspension from the 
influent to the filters, after the normal detention in the mixing tank, 
was filtered through a 0.45 ym millipore filter and the filtrate was 
analyzed for any dissolved iron. It was found that within the 
accuracy of the equipment used no dissolved iron was detectable. This 
indicated that the precipitation was complete in the mixing tank. It 
should be noted that no aeration or addition of air was required for 
the formation of the precipitate. All the runs were made without the 
addition of any air. Cleasby found in his study (24), that the pre­
cipitated iron under aerated conditions had particle sizes ranging from 
1-20 vm with a majority of the particles of the size 5 pm. 
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Table 1. Analysis of University tap water 
Characteristic of water Concentration-mg/1 
Total dissolved solids 680 
Total hardness as CaCOg 365 
Calcium hardness as CaCO^  254 
Magnesium hardness as CaCO^  111 
Total alkalinity as CaCO^  270 
1 1 Calcium as Ca 
1 1 Magnesium as Mg 27 
Bicarbonate as HCO^  330 
Chlorides as CI 17.5 
Sulphates as SO^  160 
Fluorides as F 0.9 
Manganese as Mn 0.0 
1 1 Iron as Fe 0.03 
The actual nature of the precipitate formed by addition of ferrous 
sulphate to high alkalinity waters has been the subject of considerable 
controversy during the last decade (24, 38, 64). It has been supposed 
by various workers that the precipitate could be ferric hydroxide, 
ferrous carbonate or a combined precipitate of both. Calculations 
based on chemical equilibrium indicate that the solubility of ferrous 
carbonate is much smaller than that of ferrous hydroxide (PeCOHjg) for 
values of pH less than 9.5 and should precipitate first (j4, p. 29-15). 
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However, the solubility of ferric hydroxide (FeCOH)^ ) Is much smaller 
than either of the above, and in the presence of oxygen the equilibrium 
calculations indicate that it should be the first to precipitate. But 
the principal controlling factor seems to be the kinetics of the 
oxidation reaction of ferrous hydroxide to ferric hydroxide in compari­
son with, the kinetics of the precipitation reaction of ferrous carbon­
ate. The kinetics are probably such that a mixed precipitate of ferrous 
carbonate and ferric hydroxide is formed. 
Singer and Stumm (64) under oxygen free laboratory conditions did 
produce a precipitate of crystalline siderite (ferrous carbonate) and 
verified its nature by X-ray diffraction analysis. They also determined 
a new value for the solubility product (pK^ ) of ferrous carbonate, which 
indicated that the solubility of ferrous carbonate maybe nearly three 
times the value predicted by the pK^  value in the literature. They 
suggested that this Incorrect value of pK^  may have been the cause for 
the controversy regarding the solubility of ferrous iron in carbonate 
bearing waters. During the present study, an X-ray diffraction analysis 
of the precipitate from the mixing tank did not conclusively indicate 
the presence of crystalline siderite. The diffraction pattern did 
produce a halo effect, with the maximum of the halo at the diffraction 
angle corresponding to the peak expected in the standard pattern for 
siderite. However, due to the semi-amorphous nature of the precipitate 
and possible oxidation at the solid surfaces by atmospheric oxygen, an 
exact identification of the precipitate by X-ray diffraction was not 
possible. A change in color from yellowish brown to dark brown was 
noticed in the precipitate upon exposure to the atmosphere, indicating 
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possible oxidation. It is suggested as a future project that wet chemi­
cal analyses be performed on the precipitate to identify its character 
more definitely. 
2. Measurement of influent and effluent iron 
The main series of experiments consisted of 18 runs, 12 made on 
uniform sand filters and 6 on graded sand filters. The influent and 
effluent qualities were evaluated on the basis of iron content. During 
these 18 runs nearly five thousand four hundred analyses for iron were 
made; thus a simple and accurate method of analysis was required. 
During the initial series (run 1-run 6) the standard method in the 
water supply field, namely the 1, 10 - phenanthroline method was chosen. 
Three molecules of 1, 10 - phenanthroline chelate each ferrous ion to 
form an orange-red complex. The intensity of the color developed obeys 
Beer's law in the range of pH from 3 to 9, and hence the iron concentra­
tion can be determined colorimetrically. In the Standard Methods proce­
dure (66) for total iron, it is necessary to dissolve and reduce the 
iron in concentrated hydrochloric acid and hydroxylamine, and also boil 
the solution to insure dissolution. The procedure was considerably 
simplified by using the patented single powder formulation^  which dis­
solves and reduces the iron without any heating. Since very little 
interfering ions were present the results were unaffected by such 
interferences. The developed color was observed at 510 nm on a fieckman 
Model B spectrophotometer. The actual procedure was standardized as 
^riach chemical Company, Ames, lowa - t'errover. 
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follows: (i) Pipetted out 25 ml of water into a 50 ml erlenmeyer 
flask, (ii) Added two scoops of the FerroVer powder with a scoop 
of size 0.25 g, swirled the mixture and allowed to stand, (iii) At 
the end of 5 minutes, after the maximum color developed, read the per­
centage transmittance on the spectrophotometer. The actual concentra­
tion of iron was read on a calibration curve, called a standard calibra­
tion in this study. This calibration curve had zero transmittance 
for the dark current setting, and 100 percent transmittance through 
distilled water. The straight line calibration curve for FerroVer 
reagent had the following Eq. 57. Representing the calibration in 
this form enabled the raw data to be easily analyzed on the IBM 360 
digital computer. 
LOGIO Y^ = - 0.189 X^ + 2.000 (57) 
where, 
y^  = percent transmittance 
x^  = iron concentration in mg/1 
Ewing in Instrumental methods of chemical analysis (32) analyzed the 
relative accuracy of readings based on Beer's law. It was shown that 
the relative error has a minimum at a transmittance of 36.8 percent; 
if the transmittance was greater than 90 percent or less than 3 percent, 
the relative error becomes greater than 10 percent, and it increases 
asymtotically to infinity at 100 percent and 0 percent respectively. 
Thus, readings of concentration of iron based on transmittances greater 
than 90 percent are subject to considerable error. Most of readings 
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of the final effluent quality from the full depth of 12 in. had trans-
mittances between 85 and 95 percent, during the first series of runs 
1-6. Also, the FerroVer reagent's sensitivity was limited by the molar 
absorptivity of 1, 10 - phenanthroline which is 11,100 liter-moles per 
gm-cm. 
The above procedure for measuring the effluent iron had the follow­
ing weaknesses, (i) The procedure for measuring the quantity of 
reagent using a scoop had possible errors from analysis to analysis, 
(ii) The transmittances of the final effluent at the 12 in. depth 
was too high, (iii) The molar absorptivity of phenanthroline limits 
the possible accuracy of small changes in iron concentration. 
In order to alleviate these weaknesses the following modified 
procedure was used in all the runs after run 6 and it improved the 
accuracy of the analyses considerably. A new patented reagent^ , 
disodium salt of 3-(2-pyridyl)-5,6-bis(4-phenyl sulfonic acid)-1,2,4 
triazine, hereafter called FerroZine having a molar absorptivity of 
27,900 was used. This compound reacts with divalent iron to form a 
stable magenta complex species, which is very soluble in water and 
maybe used for the spectrophotometric determination of iron. The 
absorption spectrum of the complex has a sharp peak at a wavelength 
of 560 nm and is uniform in development over the pH range 4-10. 
Further details of interference studies and statistical data on 
multiple laboratory studies of FerroZine can be seen in Stookey (67). 
H^ach Chemical Company, Ames, Iowa - FerroZine. 
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The above reagent as a single solution formulation, FerroZine Solution 
1^  can be added directly to iron hydroxides or carbonates for reduction 
and dissolution. The procedure for analysis was to add 0.5 ml of 
FerroZine Solution 1 to 25 ml of water and reading the transmittance 
on a spectrophotometer after allowing 5 minutes for development of color. 
In order to obtain increased accuracy of the transmittance readings 
on the spectrophotometer, the following new dual standard procedure, 
based on the method of ultimate precision as described in Ewing (32) 
was developed. Most of the effluent iron concentrations were of the 
order of 0.35 to 0.05 mg/1. By dissolving standard iron wire in acid, 
two standard solutions with concentrations of 0.10 mg/1 and 0.30 mg/1 
of iron were made. These solutions were neutralized to a pH of 7.0 
a few hours before the run. Every time a water sample was analyzed, 
the standard solutions were used for calibrating the spectrophotometer. 
Using the dark current and slit opening settings simultaneously, the 
0.10 mg/1 standard was set at 63 percent transmittance and the 0.30 
mg/1 standard was set at 25 percent transmittance. These settings can 
only be obtained by a trial and error procedure on the Beckman Model B. 
Once the spectrophotometer was adjusted to these settings the sample 
requiring analysis was read. Thus, most readings were obtained between 
transmittances of 80 and 20 percent and the relative error was reduced 
to levels below 2 percent. The procedure was rather difficult as every 
analysis required simultaneous analyses of the standard solutions too. 
Chemical Company, Ames, Iowa - FerroZine Solution 1. 
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with the color development time being kept constant at 5 minutes for the 
standards as well as the analyzed samples. It was found that analyzing 
a standard sample after addition of the reagent at times greater than 5 
minutes (i.e. allowing the colored complex to stand, for say 30-60 
minutes) tended to give slightly lower readings as time increased; hence, 
the above stated procedure was followed to avoid this small error. The 
calibration curve for these analyses was called the precision calibra­
tion and had the following equation, 
Log^ g y = - 2.005 + 2.000 (58) 
The actual step by step experimental procedure was as follows: (i) 
Pipetted 25 ml of water samples from the three filters into 50 ml 
erlenmeyer flasks, (ii) Pipetted 25 ml of the standard solutions 
(0.10 mg/1 and 0.30 mg/1) into two other 50 ml erlenmeyer flasks, 
(iii) Added 0.5 ml of FerroZine Solution 1 to each of the five flasks 
using a 1 ml pipette, and then started the stop watch, (iv) Swirled 
the contents of the flasks occasionally, (v) At the end of 5 minutes 
decanted samples from the flasks into spectrophotometer cuvettes, 
(vi) Set the spectrometer by trial and error so that the standard 
samples read 63 percent and 25 percent transmittances. (vii) Read 
the three samples of water from the filters. The readings were all 
taken within 6-8 minutes from the time of addition of the FerroZlne. 
This precision calibration method nullified all the stated weaknesses 
of the FerroVer method considerably, and increased the accuracy of the 
effluent quality analyses in the second and third series of runs. 
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In addition to the effluent samples obtained from the full depth of 
the filters, continuous drip samples were also taken at various depths 
of the filter every half hour. These samples had considerably higher 
iron concentration and hence the standard calibration technique was 
sufficiently accurate for all these readings. For the runs 1-6 the 
calibration curve Eq. 57 for FerroVer reagent was used. A similar 
standard calibration curve for FerroZine reagent was plotted and used 
in the second (runs 7-12) and third series (runs 20-25) of runs. The 
standard calibration equation for FerroZine reagent was, 
LOGIO VJ = ~ 0.465 + 2.000 (59) 
During the runs, the influent suspension was sampled every half 
hour. These samples had iron concentrations of 7 mg/1 and hence they 
had to be diluted for obtaining readings within the range of the cali­
bration curves. The samples were diluted in a ratio of 1:5 by adding 
20 ml of distilled water to 5 ml of samples. These were then analyzed 
using the standard calibration technique and gave readings of approxi­
mately 22.5 percent transmittance using FerroZine reagent. 
All the samples of Influent and effluent were collected every 
half hour. Also, the initial effluent quality was analyzed at fre­
quencies of nearly a minute during the first 10 minutes of a run to 
study the Initial degradation and improvement of effluent quality. 
These samples were also analyzed by the FerroZine test using the 
standard calibration technique and if the concentrations were such 
that the percentage transmittance was less than 20, then dilutions 
were made to obtain sufficiently accurate readings. 
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As a further procedure for elimination of small errors, the 
cuvettes of the spectrophotometer were periodically checked with dis­
tilled water for zero errors. Corrections for these errors were made 
to all the readings. Whenever the errors amongst the cuvettes became 
larger than 2 small divisions on the transmittance scale, they were 
cleaned with acid and alcohol as recommended by the manufacturer. 
3. Measurement of backwash water quality 
While backwashing the filters after a dirtying run samples of the 
backwash water were collected periodically. These samples had con­
siderable amounts of suspended iron floe, some as high as 800 mg/1. 
These samples were also analyzed using the standard calibration proce­
dure detailed above; the samples being diluted to obtain reasonable 
readings on the spectrophotometer. Extra care was taken to see that 
the samples were thoroughly mixed, and all dilutions were made using 
volumetric pipettes and volumetric flasks. 
4. Sand analyses using a magnetic stirrer wash 
During the course of the research project it was realized that 
additional evidence of the effectiveness of backwash could be obtained 
by analyzing the amount of iron left as a coating on the sand after 
the wash. Not only would this provide comparative evidence for studying 
various expansions, but it would also prove beyond any shadow of a 
doubt, that abrasion in the fluldlzed bed was negligible. This of 
course, was already anticipated from theory and other experimental 
results quoted in the earlier chapters. 
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It was decided to evaluate two methods of washing the sand: (i) 
a physical wash and (ii) a chemical acid wash. At the end of run 19 
which included the first two series as well as other studies, the 
uniform sands in all three filters had been subjected to, the same 
number and length of filter runs, as well as the same types of back­
wash. It was hence realized that the coatings on the sands would in 
general, be of the same quantity and quality. 
Each filter was fluidized, and using a long handled scoop three 
samples of sand were removed from the top layers of the fluidized 
bed. Each sample of sand removed by the scoop was approximately 
25 g. This sand was washed from the scoop into a 250 ml beaker using 
exactly 100 ml of distilled water. The beaker had already been weighed, 
empty and dry. It was now weighed containing the sand, the water drawn 
by the scoop and the distilled water added. A 1 1/4 in. magnet was 
placed in the beaker with the sand and water, and the sand was washed 
by the magnetic stirrer for 10 minutes at a fixed speed setting. A 
standardized procedure was developed to move the rotating magnet to 
five different positions of the base of the beaker namely. North, South, 
East, West and center. The magnet was allowed to rotate at one position 
for 1 minute. Thus, each position was washed in two periods of 1 minute 
each. This procedure enabled all the sand in the beaker to be abraded 
and washed to the same extent. It was found that the distilled water 
turned quite dark and cloudy and considerable amounts of iron had been 
removed from the sand by abrasion between sand particles, as well as, 
by abrasion with the magnet. Photographs showing the sand and water, 
before and after the physical wash with the magnetic stirrer are shown 
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in Fig. 6. The supernatant iron suspension was stirred by the tip of 
u pipette and 25 ml were withdrawn uud delivered into a 500 ml volumetric 
flask. Distilled water was added to make upto 500 ml and this diluted 
solution (1:20) was analyzed for iron concentration using the FerroZine 
standard calibration technique. The same procedure was followed for 
all nine samples. 
The beakers containing the sand and the iron suspension (approxi­
mately 75 ml) were placed in an oven. The water in the beakers was 
evaporated and the beakers containing the dry sand were cooled to room 
temperature and weighed again. 
From the above readings the amount of iron removed from the sand 
In mg/g can be determined from the following formula. 
[Cone, of iron in diluted solution (mg/1)] X 
Iron removed (mg/g) = CDllutlon FactorJ X [Weight of water (%)] 
1000 X [Weight of sand (g)] 
It should be noted that the weight of water In grams is assumed to 
represent the volume of water in ml, and it Is the total water in the 
beaker including whatever water is drawn with the sand from the fluidlzed 
bed. This formula gives the iron removed from the sand, quite accurately. 
The above was the procedure used in all the analyses run on samples 
of the graded sand during the third series, runs 20-25. However, due to 
limitations in time it was only possible to withdraw two samples of sand 
from each filter during backwashlng. At the end of each sand analysis, 
and prior to the beginning of the subsequent run, the withdrawn samples 
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Fig. 6. Iron removed from sand by physical abrasion test 
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of sand were returned to their respective filters. Thus, the sand in 
all the runs was identical and no sand losses were allowed to develop. 
For the purpose of comparison with an acid wash technique, the 
following extra analyses were run on the uniform sand samples taken from 
the filters after run 19. To each of the beakers containing the oven 
dried sand, 100 ml of 0.3 N sulphuric acid was added. The sand was 
washed again for 10 minutes using the magnetic stirrer and the standard­
ized procedure already outlined. Five ml of the acid solution of iron 
was diluted to 1005 ml by the addition of 1 liter of distilled water 
and its pH was adjusted to 7.0 by the addition of 5-6 drops of concen­
trated potassium hydroxide. Twenty-five ml samples of the neutralized 
solution was analyzed for iron using the FerroZine reagent. Using the 
above readings the iron removed from the sand by the acid wash per gram 
of sand was calculated. A visual analysis of the sand indicated that 
the sand was quite clean after washing with the acid, in comparison with 
the physical wash only. 
The comparative results of the physical and chemical wash are 
presented in Table 2. 
The results show that the iron removed by the chemical wash Is 
nearly ten times that from the physical wash; however, the results are 
consistently analogous and the ratios of iron removed by the chemical 
wash to that removed by the physical wash are reasonably consistent. 
Thus, there seems to be no advantage of using a chemical wash to that 
of a physical wash; also, there is a definite disadvantage in that the 
acid would tend to remove the entire coating on the sand and hence 
alter its surface characteristics from run to run. For these reasons 
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Table 2. Comparative analyses of sand after 19 runs 
Ratio of iron removed 
Filter Sample removed from sand N/m) chemical waah/ 
No. No. Physical wash Chemical wash Physical wash 
1 1 0.0407 0.445 10.9 
2 0.0409 0.448 10.9 
3 0.0345 0.384 11.1 
2 1 0.0494 0.526 10.7 
2 0.0578 0.595 10.3 
3 0.0537 0.554 10.3 
3 1 0.0187 —^  
2 0.0200 0.371 18.5 
3 0.0237 0.382 16.1 
O^mmitted due to incorrect washing. 
it was decided to use only a physical wash in all the analyses done on 
the graded sand during the third series from run 20-25. 
C. Experimental Observations 
1. Chronology and general descriptions of runs 
Twenty-five runs, of which eighteen were dual runs were made. The 
dual runs consisted of a dirtying run designated "A", the backwash of 
A, and a filtration run designated "B". In the following, a reference 
to a run means the complete dual run. Runs A and B are designated as 
such. The first twelve runs (series 1: lA, IB to ÔA, ôa. series 2; 
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7A, 7B to 12A, 12B) were made on filters with 12 inch depth uniform 
sands of 0.548 mm mean size. From the results to be presented later 
it will be seen that the initial effluent quality did not have a 
significant relation to the expansion during backwash. In order to 
study a hypothesis that the rate of backwash valve closure at the end 
backwash was the primary criterion affecting initial effluent quality, 
the runs 13 to 19 were made. These studies are not directly relevant 
to the theory of optimum backwash, except as a means of showing that 
initial effluent quality cannot be used as a parameter to evaluate 
backwash effectiveness; the results and experimental details of these 
studies are hence presented in a very condensed form. The runs in the 
series 1 and 2 were made at 7 gpm/sq ft and each run (A or B) lasted for 
approximately 5 hours. The runs, A or B had to be terminated due to the 
fact that the head losses developed were nearly 8 to 9 ft and this was 
the maximum differential heights that could be measured on the piezometer 
boards. 
The reagent used for iron analysis in series 1 was FerroVer. In 
the first series of runs, the dirtying runs A were made on the first 
day, and the backwash and the filtration runs B were made on the follow­
ing day. Since it was possible that some physical and chemical changes 
could have occurred in the solids removed, due to overnight standing, 
and also because in actual treatment plants backwashing is performed 
soon after a filter is removed from service, the two runs A and B, and 
the backwash of runs A in series 2 were made on the same day. Each 
dual run including backwash required about 15 hours and two experimenters 
were required to work continuously to take the readings and make the 
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analyses of iron. In run 1 the samples of water at depths other than 
the full depth of 12 inches, were collected by a single experimenter 
and kept for about 2 to 3 days before all the analyses were completed. 
It was found that iron in suspension tended to be deposited on the 
sides of the plastic sampling bottles and the effluent quality at 9 
inch depth of the filter measured on a later date was better than the 
effluent quality measured at the 12 inch depth on the day the run was 
made. These results were invalid and were not used in the analyses. 
All iron analyses from run 2 onward were made within a couple of hours 
after sampling and rational readings were obtained. This could only 
be accomplished because two experimenters worked. The reagent used for 
series 2 and 3 was FerroZine. 
The last six dual runs (run 20A, 20B through run 25A, 25B) were 
made on 18 inch depth graded sands with an effective size of 0.45 mm 
and a uniformity coefficient of 1.47. This set of runs was called 
series 3. These runs were made using identical procedures to that of 
series 2. However, in addition to ferrous sulphate, a non-ionic 
polyelectrolyte^  was also added to the influent suspension to obtain 
a concentration of 0.10 mg/1 of polyeletrolyte in the feed to the 
filters. The polyelectrolyte was added in the hope of magnifying the 
differences of backwashing at different expansions. 
The runs 13 to 19 made to study initial effluent quality, had a 
dirtying run, a backwash and then the initial effluent quality was 
measured for the first fifteen minutes of the run after backwash. 
•^ Dow Chemical Company, Midland, Michigan - Separan. 
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The parameters used to study tlie effectiveness of backwash in 
ull three series were, (i) initial effluent quality, (ii) head loss 
increase and (111) cumulative effluent quality In the run following 
backwash, (iv) the backwash water quality during backwash and (v) 
the backwash water volume. For series 3 the additional parameter 
based on the iron which is physically removable from samples of the 
backwashed sand was also used. The variation of each of these 
parameters with porosity was studied at six different porosities of 
0.55, 0.60, 0.65, 0.75 and 0.78 on each of the filters. The expansions 
needed to obtain these porosities for the uniform sand were approximately 
33, 50, 70, 100, 140 and 190 percent respectively. Since each run was 
made on a bank of 3 filters and each series consisted of 6 runs, the 
effective number of points for each series was 18. The experiments 
was designed such that each filter was studied at the 6 different 
porosities during a series. Thus by considering all 18 readings of 
a series of 6 runs, the small variations between filters and the small 
variations from run to run were averaged out. Table 3 illustrates the 
format of the experimental design for series 2, and how the backwash 
at the different expansions was studied for the three filters Fl, F2 and 
F3. A similar format was used for series 1. 
For the series 3, the format of run 7 and 8 as shown in Table 3 for 
series 2 was repeated three times. This procedure was adopted to enable 
a particular run to be studied with the backwash expansions of 30, 50 
and 75 percent or 15, 40 and 60 percent. This format avoided two adja­
cent expansions like 40 and 50 percent being studied in a single run and 
the differences for purposes of comparison were enhanced. This was 
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Table 3. Experimental design for series 2 
Porosity during backwash 
0.55 0.60 0.65 0.70 0.75 0.78 
Run 
number Filter number 
7 F1 F2 F3 
8 F2 F1 F3 
9 F1 F3 F2 
10 F3 F2 F1 
11 F3 F1 F2 
12 F3 F2 F1 
thought advantageous because of the anticipated smaller differences in 
effectiveness of backwash at different porosities for graded systems. 
The cause for the anticipated smaller differences in backwash for 
graded systems has been discussed in page 91 of this thesis. 
The expansions needed to obtain porosities of 0.58 to 0.82 in the 
top layers of the graded sand ranged from 15 percent to 75 percent and 
these were much less than the expansions required for the uniform sand. 
All backwashing expansions were controlled on the basis of the expanded 
heights of the fluidized bed during backwash. 
In order to reproduce identical conditions with a clean filter at 
the beginning of each dual run, the following standardized procedure 
was used for all runs. The filter was expanded to the anticipated 
optimum at a porosity of 0.70 and washed for 15 minutes. During the 
runs 1 to 10 the filters were washed twice before each run began, once 
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at the completion of the previous run and again immediately preceding 
the start of a run. However, from run 11 onwards in order to achieve 
identical conditions to that in a treatment plant, the solids removed 
in run B of the preceding run were not washed until the following run A. 
Immediately before the dirtying run A, the filter was expanded to the 
anticipated optimum at a porosity of 0.70 and washed for 15 minutes. 
2. The check list procedure for backwashing 
The procedure at the end of a dirtying run A, during backwash and 
at the start of run B was quite complex and involved several valve 
operations. A single valve Incorrectly opened or closed would have 
completely ruined all the readings of a run. In order to avoid any 
errors and to standardize the procedure a check list operation was 
performed at every run. The following is the sequential check list 
operation used; the description should be read in conjunction with the 
schematic layout shown in Fig. 3. 
(i) At the end of run A, close lower drain outlets from the 
effluent rate controllers with rubber stoppers. 
(ii) Reduce the speed of influent pump E to zero and stop pump. 
(iii) Close all drip samplers. 
(iv) Close all valves 1 and 4 in filter valve system. 
(v) Close water supply inlet to mixing tank. 
(vi) Stop drip of chemicals to mixing tank. 
(vii) Adjust water levels by pouring or removing water in the 
chambers of the effluent rate controllers, so that the water levels 
are slightly higher than the equilibrium position at the start of a run. 
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(viii) Open all drain valves 6 from filters. 
(Ix) Opun top covers of filLurs and fix siphon backwash line to 
filter which is to be washed. 
(x) If high expansion is needed during backwash start pump B. 
(xi) Backwash filters according to planned experimental design 
expansions by opening valves 5. Use standardized procedure for valve 
opening and closing: 1 min slow opening, 5 min wash and 2 min very 
slow closure. The two experimenters should start stop watches at the 
start of backwash. 
(xii) One experimenter to take water temperature, backwash flow-
rate in meter C, expanded height and piezometer readings during the 5 
min wash time. 
(xiii) Using a stop watch, the second experimenter to take back­
wash water samples from the top of the filter at preplanned intervals 
of time. 
(xiv) While first experimenter is closing backwash valve (i.e. 
during last 2 min of wash), the second experimenter to flush out all 
the drip samplers. No backwash water samples should be taken during 
the flushing operation. After flushing the drip samplers to be adjusted 
to the correct drip. 
(xv) Stop backwash pump B as soon as backwash on any filter for 
which it is used is completed. 
(xvi) Fix covers to filters. 
(xvii) Close all drain valves 6 from filters. 
(xviii) Start flow of chemicals and open water supply inlet to 
mixing tank. 
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(xix) Open all valves 1 and 4 of filters. 
(xx) Open outlets from effluent rate controllers by removing 
rubber stoppers. 
(xxi) Start influent pump E and increase speed to noted setting 
to obtain required flows (for flows of 7 gpm/sq ft in filters, the 
speed setting was approximately 54). 
(xxii) In order to obtain exact flows, make slight adjustments 
in outlet valves from rate controllers if required. 
(xxiii) Adjust water levels in piezometer tubes to obtain the 
required readings of piezometers at start of run. 
The above procedure was followed in all runs of series 1 and 2 
as well as the runs 13 to 19. In the case of series 1 and 2 the time 
of backwash was the same for all expansions; for the graded sand 
studies of series 3 however, the operation was modified slightly. In 
series 3, the backwash at different expansions was done for different 
times, so that the same volume of washwater approximately 36 gallons 
was used during the total sequence of washing (i.e. valve opening, 
washing and valve closing). Also while the bed was fluidized, one 
experimenter collected two samples of the backwashed sand at different 
times. The samples were collected after approximately 10 gallons and 
21 gallons of washwater had been used for backwash. A resume of the 
backwash sequences and the sand collection times for the graded sand 
at different expansions is presented in Table 4. 
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Table 4. Backwash procedures for graded sand 
Wash sequence Sand collection times 
Valve Wash Valve Sample 1 Sample 2 
Expansion 
-percent 
Porosity in 
top 3 in. 
opening 
-min 
time 
-min 
closure 
-min 
-min -min 
15 0.58 1.0 10.5 2.0 4.5 9.0 
30 0.67 1.0 6.5 2.0 3.0 6.0 
40 0.70 1.0 5.0 2.0 2.75 5.0 
50 0.74 1.0 4.0 2.0 2.5 4.5 
60 0.77 1.0 3.25 2.0 2.0 3.75 
75 0.82 1.0 2.75 2.0 2.0 3.5 
3. Observations made during a run 
The observations made during the course of a run can be grouped into 
two categories, (1) data for analysis and (11) data for quality control. 
For series 1 and 2 the following readings were taken as data for anal­
ysis. During runs A: 
(a) The initial effluent quality for each of the three filters at 
intervals of 1 min each for the first 10 min of a run. 
(b) Piezometer readings at depths of 0 in., 3 in., 6 in., and 9 in. 
for each of the three filters at frequencies of a half hour. 
(c) The effluent quality at the total depth of 12 in. for each of 
the three filters at every half hour. The samples were collected at the 
outlets flowing into the effluent rate controller chambers. 
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(d) The effluent quality at intermediate depths of 3 in., 6 in. 
and 9 in. for each of the three filters at intervals of every hour be­
ginning with the first sampling at 0.5 hours after the run began. 
These samples were collected from the continuous drip samplers. 
During backwash; 
(e) The heights of the expanded bed. 
(f) The backwash flowrate, 
(g) The piezometer readings at every 3 in. depth of the expanded 
bed. 
(h) The temperature of the washwater. 
(i) The backwash water quality from each filter at times of 0.5, 
1.0, 2.0, 3.0, 4.0 and 5.0 min during the washing time of 5 min. 
During runs B: 
Similar readings as those taken during runs A, and indicated above 
by (a), (b), (c) and (d) were taken. 
(For purposes of maintaining identical conditions from run to run, 
the following data were taken for purposes of quality control, during 
runs A and B. 
(j) Influent iron concentration for one of three filters at 
frequencies of a half hour. 
(k) The flowrate through the three filters was monitored and 
adjusted if necessary every half hour. Adjustments were only required 
during the latter halves of runs A or B. 
(1) The room temperature and the water temperature were monitored 
every half hour. Any small changes of water temperature were adjusted. 
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A similar set of readings were taken during the series 3 for the 
graded sand, subject Lo the following modifications. 
(a) In order to obtain the peak of the initial effluent quality 
curve, the samples of water were collected at 0.5, 1.0, 1.5, 2.0, 3.0, 
4.0, 5.0, 6.0, 8.0 and 10.0 min respectively. 
(b) Since the depth of sand was 18 in., piezometer readings were 
taken at 0 in., 3 in., 6 in., 9 in., 12 in. and 15 in. 
(c) The effluent quality was measured at the total depth of 18 in. 
(d) The effluent quality at intermediate depths was measured at 
3 in., 6 in. and 12 in. 
(i) The sampling for backwash water quality from each filter was 
variable depending on the duration of the washing sequences as shown 
in Table 4. However, the sample collection times were so preplanned 
that 7 samples were collected from each filter at times corresponding 
to usage of equal volumes of washwater. 
4. Sieve analysis of expanded layers of fluldlzed bed 
In order to evaluate the degree of segregation and the distribution 
of particle sizes in layers of the fluidized bed, the following experi­
ment was made on the graded sand. The graded sand bed was fluidized to 
50 percent expansion and allowed to stabilize for nearly 1/2 hour and 
then, approximately 3 in. layers of the fluidized bed were siphoned off. 
These sections of sand were then oven dried and cooled. The total dry 
volumes were measured and then representative samples from each layer 
for purposes of sieving were obtained by repeatedly reducing the total 
volume of each layer in a two wav snlittine samnler to about 500 grams. 
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Using the balance sand from each layer after selecting the 500 grams, 
bed porosities of each layer were measured by procedures described 
elsewhere (2). From the measured volumes and the expanded heights of 
the same layers, the porosity of each layer when the total bed expansion 
was 50 percent was also calculated. The samples selected for sieving, 
which weighed about 500 grams were sieve analyzed using a sieving time 
of 5 minutes. Further details and a discussion on the theory of siev­
ing can be found in Amirtharajah (2). U.S. standard sieve nos. 12, 14, 
16, 18, 20, 25, 30, 35, 40 and 45 were used in the analysis. The 
above sieve analyses of the 3 in. layer at the top of the bed has been 
used in a subsequent chapter to help formulate a design model for 
optimum backwash. 
D. Data Analysis 
In order to simplify the analysis of all the data, several short 
computer programs with simplotter subroutines were written in Fortran 
IV G. The programs utilized the raw data of the iron concentrations 
given in percent transmittances, converted them to concentrations in 
mg/1 using the calibration equations 57 through 59 and then performed 
the required calculations on the IBM 360 computer of the university. 
The calculated results were then plotted graphically by the incremental 
plotter of the computer. 
For purposes of quality control and to check the general form of 
the curves, the following curves were plotted for most of the runs: 
(i) head loss against time (ii) ratio of effluent to influent concen­
tration against time (i.e. C/C^  vs. t). Some typical results are 
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shown in Figs. 7 and 8. From the head loss curves it can be seen that 
the behaviour Is ri'usoimbiy linear for Llie uniform sand. The ratio 
of effluent to influent cuivas indicate that even after backwash at 
various expansions the variation from filter to filter is very small. 
Thus, for using the effluent quality as a parameter to indicate the 
effectiveness of wash needs a cumulative effluent quality curve as 
described by Johnson and Cleasby (49). 
The main results of this dissertation presented in the next chapter 
were obtained chiefly from the above computer analyses. 
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VII. RESULTS AND ANALYSIS 
A. Results 
The following sections present the main results of this thesis. 
The results in each section indicate the variation of the following 
parameters with the porosity provided during the controlled backwash 
following the dirtying run: (i) effluent quality at various depths, 
(ii) initial effluent quality at full depth of filter, (iii) head loss 
increases, (iv) backwash water quality, (v) backwash water volumes and 
(vi) sand wash analysis. The parameters of effluent quality, initial 
effluent quality and head loss were the differences between the standard 
dirtying runs A and the subsequent runs B after backwash. 
1. Cumulative effluent quality and porosity 
The Figs. 9-14 show typical plots of the cumulative differential 
iron of the effluent with time (runs 7-12, series 2). The ordinate is 
the accumulated difference between the iron in the observation run B 
and the dirtying run A for the effluent from the full depth of the 
filter. If the ordinate is negative it means that the cumulative iron 
in run A was greater than that in run B or mathematically Z Iron 
time 
(B-A) <0. In each run all three filters were dirtied under identical 
conditions as explained in the previous chapter. The filters were then 
backwashed at different expansions and the quality was studied in the 
following run. Study of these figures towards the end of the run will 
indicate which filter performed the best in a particular run. The filter 
with the smallest positive, or the most negative cumulative iron 
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produced the filtrate of the best quality in the filtration run com­
pared to the dirtying run. 
An index called the effluent quality index was defined to com­
paratively grade the filters in each run. In each run the filter pro­
ducing the best cumulative differential effluant quality was given an 
index value of 3, the next best quality was given an index value 2 and 
the worst quality was given an index 1. If two filters performed al­
most identically in a run then the two effluent quality index grades 
were divided between the two corresponding filters. 
The values of the index for all the runs 7-12 and the correspond­
ing porosities in each case are shown in Table 5. 
Originally it was thought that the differential cumulative iron 
could be summed from run to run to give the basis for comparison. In 
practice it was found that even with the best possible experimental 
controls it was impossible to reproduce identical dirtying runs in the 
series, due to the inevitable fluctuations in flowrate and iron con­
centrations. This is well illustrated by seeing the shape of the 
curves in Figs. 9-14. It can be seen that in a particular run the 
three curves are similar in form, but from run to run considerable 
differences can be noted. However, within a single run the changes 
were made on all three filters simultaneously and comparisons within 
filters during a run were the best possible means of study. Since 
six expansions were studied, a bank of six filters would have provided 
a better apparatus than the three filters used in these experiments. 
Using the above artificial effluent quality index and repeating the 
runs so that each filter was subjected to all the expanded porosities 
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Tnbiu 5. Effluent quality Index and porosity for seriea 2 
Expanded porosity 
0.55 0.60 0.65 0,70 0.75 0.78 
Run 
number Backwashing index 
7 2 3* 1 
8 1 2 3 
9 1 3 2 
10 2 1 3 
11 3 2 1 
12 2 3 1 
Cumulative 
effluent 
quality 
index 4 
T^he best performance in effluent quality was given an index 3 
the next best 2 and the worst was given 1. 
during backwash, differences due to variations in the sands of the 
filters were averaged and hence eliminated. Thus the index provides 
the best means of comparison of backwashing effectiveness between 
different expansions. 
The variation of the cumulative effluent quality index (i.e. 
summing the index for all runs) with porosity for runs 7 to 12 shown 
in Table 5 is plotted graphically in Fig. 15. The results shown a 
maximum in the cumulative effluent quality index at a porosity of 
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0.65 to 0.70. The maximum indicates that the best effluent quality 
in the run following backwash is produced by backwashing the dirty 
filter at the expanded porosity of 0.65 to 0.70. 
The same type of analysis was done for the effluent qualities 
measured at the depths of 3 in., 6 in. and 9 in. during series 2. 
The variations of the cumulative effluent quality index with porosity 
for all the depths of 3 in., 6 in., 9 in. and 12 in. are shown in Fig. 
16. 
The results for the runs 1-6 for the 12 in. depth are presented 
graphically in Fig. 17. The results at other depths were not analyzed 
due to the fact that the readings of effluent iron in run 1 were invalid 
due to storage of the samples for too long a period before analysis as 
already mentioned under experimental observations. Since a complete 
set of readings are required for an unbiased analysis at all porosities, 
the results for series 1 could not be analyzed. 
The results of the variation of the cumulative effluent quality 
index with expansion for the graded sand for the full depth of 18 in. 
and for all depths of 3 in., 6 in., 12 in. and 18 in. are shown in 
Figs. 18 and 19. Also marked on figures are the experimentally deter­
mined porosities of the top 3 inches of the graded sand bed while in 
the fluidized state. The porosities corresponding to the expansions 
are also shown in the figures. 
These porosities of the top 3 inches of the fluidized bed of graded 
sand were determined by several alternatives methods. The head loss 
readings in all three filters during backwashing of all the runs 20 to 
25 gave 18 readings. The method of calculating the expanded porosity 
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from these head loss readings utilizing Eq. 52 is given in detail else­
where (2). A special expansion study subsequent to series 3 was also 
made to determine the porosities of the top 3 in. section at the dif­
ferent expansions. This was made to provide more data (18 readings) 
under conditions which did not require fixed abort time limits as the 
readings taken during the optimum backwash runs. Also utilized was a 
physical measurement of the porosity at 50 percent expansion by siphon­
ing off the top 3 in. layer. The mean of 6 readings of porosity at 
each expansion, and the mean of 7 readings at the 50 percent expansion, 
are plotted as an expansion-porosity characteristic in Fig. 20. The 
values from the mean curve are those used for presenting the results 
and analysis for the graded sand. 
All the results of series 1, 2 and 3 shown in Figs. 15 to 19 indi­
cate quite clearly, that in every case the best effluent quality in the 
run following backwash is obtained by expanding the bed to porosities 
of 0.65 to 0.70 during backwashing. 
2. Initial effluent quality and porosity 
A similar technique as above was used to study the variation of 
initial effluent quality with porosity during the preceding backwash. 
The cumulative initial effluent index was given values of 3, 2 or 1 
depending on the cumulative differential iron between runs B and A 
during the first 10 minutes of a run. The method was identical to 
that used to evaluate the effluent quality as already described. The 
results are shown graphically in Figs. 21 and 22, for the uniform sand 
and the graded sand resnectlvely. The results are quite negative and 
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indicate no relationship between the initial effluent quality in the 
run following backwash and the porosity of the expanded bed during 
backwashing. 
It was felt that the initial effluent quality was not dependent 
on the backwash expansion but was a function of the rate of closure of 
the backwash valve. In order to test this hypothesis, the total iron 
in mg flushed out in the initial effluent during the first 15 min was 
plotted against the time of valve closure in Fig. 23. The graph shows 
that the total iron flushed out increases as the time of valve closure 
is reduced. 
3. Head loss increases and porosity 
A study was also made on the effect of backwash on the head losses 
in the run following backwash. Again comparison was made between fil­
ters based on the difference of head loss in run B over that of the 
dirtying run A. In order to consider the head loss increases at the 
time when the losses were at their greatest, the difference calculations 
were made on the head losses after 5 hours of filtration. The head 
loss increases from run A to B were measured at depths of 3 in., 6 in. 
and 9 in., for each of the three filters in runs 1-12. (A 12 in. 
reading could not be obtained because no piezometer tap was present at 
the bottom of the filter media.) For a given porosity, the cumulative 
head loss increase in the 3 in., 6 in. and 9 in. depths were found for 
each filter, and then the mean of this cumulative head loss increase 
for the three filters. The scheme of calculation is shown in Table 6 
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Table 6. Head loss increases from run A to B, uniform sand, series 2 
Filter 
no. 
Depth of 
filter -
in. 
0.55 0.60 
Expanded porosity 
0.65 0.70 0.75 0.78 
Head loss increase - ft 
1 3 0.40 0.68 -0.09 0.36 0.16 0.29 
6 0.42 0.61 -0.11 0.37 0.08 0.32 
9 0.04 0.35 -0.10 0.35 -0.03 0.26 
2 3 -0.27 -0.66 0.03 0.53 0.06 0.51 
6 -0.30 -0.71 0.01 0.48 0.08 0.60 
9 -0.00 -0.45 0.32 0.45 0.09 0.80 
3 3 -0.06 0.36 -0.04 -0.03 -0.33 0.32 
6 -0.21 0.39 0.03 0.22 -0.27 0.38 
9 -0.34 0.38 -0.03 0.19 -0.30 0.24 
Filter no. Cumulative head 
depths -ft 
loss increase at 3 , 6 and 9 in. 
1 0.86 1.64 -0.30 1.08 0.21 0.87 
2 -0.57 -1.82 0.36 1.46 0.23 1.91 
3 -0.61 1.13 -0.04 0.38 -0.90 0.94 
Mean cumulative 
head loss increase 
- ft -0.11 0.32 0.01 0.97 -0.15 1.24 
The mean head loss increase from run A to run B as a function of the 
porosity during backwash is shown in Fig. 24 for series 1. The results 
indicate an extremely well defined curve with a striking minimum at a 
porosity of 0.70. This indicates that the minimum head loss increase in 
the run following backwash is produced by backwashing to the expected 
optimum porosiLy of 0.70. Tuc tc&ult Is avan sere rczzcrkzbls vhen 
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considered in conjunction with the results on the cumulative effluent 
quality index. They show unexpectedly that optimum backwashing not 
only produces a lower head loss in the run following backwash but also 
produces a better quality effluent. ThuSj both parameters which limit 
a filtration run are enhanced and a larger volume of filtered water can 
be expected to be produced in filters washed optimally. 
The results for series 2 do not show quite a consistent pattern as 
in Fig. 24 and are hence presented in tabular fom in Table 6. If the 
four points corresponding to porosities of 0.60, 0.65, 0.75 and 0.78 
are plotted they produce a curve very similar to that of Fig. 24. 
The results for series 3 are also given in condensed form in Table 
7. The head loss increases were calculated at five depths of 3 in., 
6 in., 9 in., 12 in. and 15 in. The results are contradictory to those 
of series 1 and 2 and show an increasing asymtotic behavior of the head 
loss increases at expansions greater than 40 percent. The results of 
the head loss increases presented in this section are not very con­
sistent in all three series. 
4. Backwash water quality and porosity 
The parameter which provided data which was the most consistent in 
all the runs was the backwash water quality. It enabled comparisons be­
tween different backwash porosities to be made on the basis of usage of 
equal quantities of washwater, even though the actual washwater used in 
the series 1 and 2 was dependent on the constant wash duration of 5 min. 
For series 3 the total volume of washwater used for the different 
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Table 7. Head loss Increases from run Â to B, graded sand, series 3 
Expansion in percent 
15 30 40 50 60 75 
Mean cumulative head loss increase at 3, 6, 9, 12, and 15 in. depths-ft 
-1.66 -0.35 -0.09 0.95 0.96 0.97 
expansions was maintained the same for all the runs by varying the dura­
tions of wash. 
The Figs. 25 and 26 illustrate the backwash water quality for series 
1 in terms of the iron concentration in mg/1 in samples of washwater as 
a function of the total volume of washwater used upto the time of sample 
collection. Using the time of collection of samples and the flowrate 
during that particular wash the total washwater used was calculated and 
plotted as the abscissae. The plotted points are from different filters 
and different runs but are grouped together to indicate the variation of 
backwash water quality with porosity. The apparent scatter in the 
points towards the end of the backwash is due to the graphs being plotted 
on logarithmic co-ordinates. The logarithmic co-ordinates were necessary 
in order to show the variations in backwash water quality which range 
from 1000 mg/1 to 0.2 mg/1. However, for purposes of analysis the most 
relevant sections of these primary curves shown in Figs. 25 and 26, are 
the lower curved portions before the curves reach asymptotic values. 
Magnified curves of these sections for series 1 are shown in Fig. 27 
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in arithmetic co-ordinates. The lines drawn are smoothed curves 
tliroufjh the monnH of tho vaiucH from l he three fillers. The curves 
represent the mean variations of backwash water quality with volume 
of washwater at the different porosities. 
The smoothed curves of Fig. 27, were used to prepare secondary 
curves showing the variations of final backwash water quality with 
porosity in Fig. 28 for constant volumes of total washwater. The 
points plotted are the Intersections of ordinates at washwater volumes 
of 20 and 25 gallons respectively with the smoothed curves drawn in 
Fig. 27. The results show once again that the best terminal backwash 
water quality is achieved by backwash at the porosity of 0.70. This 
has resulted from analyses which consider backwashing to different 
expansions, but using a constant total volume of washwater. The re­
sults indicate that most effective backwash is achieved by expansion 
to porosities around 0.70. 
An alternative graph also derived from Fig. 27 by considering 
the different volumes of washwater needed at the different expanded 
porosities to achieve a given terminal backwash water quality is shown 
in Fig. 29. A family of curves for terminal backwash water qualities 
of 0.75, 1.00 and 1.50 mg/1 of iron is shown. These graphs show again 
that the minimum quantity of washwater necessary so as to obtain a 
given terminal backwash water quality occurs at the porosity of 0.70. 
The above analyses should be restricted to the lower sections of 
the curves when the quality changes become small, since only in these 
sections are the results meaningful. A further discussion of this 
question is made in the section titled Analysis. 
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Identically similar graphs resulted in all the experiments of 
series 2 for the uniform sand, and of series 3 for the graded sand. 
The sections of the primary graphs which are required for analysis 
are shown in Figs. 30 and 31. The secondary graphs developed from 
these figures are shown in Figs. 32, 33, 34 and 35. The results are 
remarkably consistent. In every graph a minimum in the total wash-
water volume usage or the terminal washwater quality, occurred around 
the anticipated porosity range of 0.65 to 0.70. Thus, both of these 
parameters have provided still further evidence of the optimum theory 
developed in a previous chapter. 
5. Physical sandwash and porosity 
As already recorded an extra parameter to evaluate the effective­
ness of backwash was proposed, based on the amount of iron removable 
from the sand by a physical wash. The washing procedure was simple 
abrasion using a magnetic stirrer under standard conditions. Consider­
able amounts of iron were removable from the sand by this method ; thus 
providing final evidence for the fact that negligible collisions and 
abrasions between particles occurs in a fluidized bed. If there was 
considerable abrasion in the fluidized state it should not be possible 
to remove these large amounts of iron by a physical wash. The change 
in color of dis rilled water due to the magnetic stirrer wash in six 
samples of sand, is illustrated by the photographs in Fig. 6. 
The iron removable from the graded sand in mg/g as a function of 
expansion is shown in Fig. 36. The points plotted are for the first 
two runs on the graded sand, namely runs 20 and 21. These runs were 
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the initial runs made on the new graded sand after it had been subjected 
to one unnumbered run for purposes of coating the new sand with at least 
a small layer of the iron floe. Though similar measurements were made 
for all the runs of series 3 it was found that the results of runs 22 to 
25 were subject to considerable error due to Lhe following cause. In 
series 3, the influent suspension contained 7 mg/1 iron and 0.10 mg/1 
of a non-ionic polyelectrolyte. As the series 3 progressed from run to 
run it was found that due to the added polyelectrolyte mudballs started 
building up. These were about 0.5-2.0 mm size and consisted entirely 
of globules of the precipitated iron without any sand within them. 
These were floating on top of the sand layer during fluidization and 
every time the sample of sand was drawn for analysis, considerable 
amounts of these mudballs or globules were drawn with the sand sample 
and caused the iron removable readings to be quite erratic from run to 
run. It was found that as the series of runs progressed the mudballs 
became bigger and bigger causing larger and larger errors. Even 
though a modified larger expansion wash, nearly 100 percent, was used 
for a few minutes during the standard cleaning at the start of each 
run, it was still not possible to remove substantial amounts of the 
mudballs. 
Because of the above reason the physical abrasion test results of 
runs 22-25 were invalid and are not presented. However, in the runs 
20 and 21 the mudballs were still very few in number and very small in 
size and did not substantially affect the readings. 
The results shown in Fig. 36 reconfirm the fact indicated in the 
other sections that an expansion of about 40-50 percent produces the 
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cleanest sand in the graded filter. These expansions cause porosities 
of about 0.70-0.74 in the top 3 in. layer of the expanded bed of graded 
sand. 
B. Analysis 
1. An analytical summary of the results 
The results presented in the preceding pages prove beyond little 
doubt the major thesis of this dissertation, that an optimum backwash 
occurs in a system, expanded to achieve a porosity of approximately 
0.65 to 0.70 in the layers containing the most amounts of suspended 
matter. In the case of a uniform sand bed an expansion to a porosity 
of 0.70 is equivalent to nearly 100 percent expansion of its height. 
For a theoretical uniform sand consisting of identical particle sizes 
this expansion is an exact and fixed condition. However, in filtration 
practice uniform sand beds are never used, nor is it feasible to pro­
vide for 100 percent expansions because of unreasonably large backwash 
flows required. We are indeed fortunate that both these limitations 
are simultaneously removed by use of a graded sand. It can be shown 
that a 40 percent expansion of a typical graded filter sand causes the 
porosity of the top 3 in. layer to reach a value of 0.70; and it has 
been shown by use of four different parameters that the optimum backwash 
for the graded system occurs at expansions of about 40-45 percent. 
These values of expansion can be obtained in practice. 
Table 8 summarizes the actual porosities at which the minima and 
maxima of all the curves occur. These points are the experimentally 
derived optima for the uniform and graded sands used in these studies. 
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Table 8. A summary of optimum backwash and porosity 
Sand Fig. Percent Optimum 
type no. Parameter used expansion porosity 
Uniform 15 effluent quality index 0.66 
16 effluent quality index 0.72 
17 effluent quality index 0.65 
24 head loss increase 0.70 
28 terminal backwash quality 0.71 
terminal backwash quality 0.71 
32 terminal backwash quality 0.65 
terminal backwash quality 0.67 
29 backwash water volume 0.70 
backwash water volume 0.70 
backwash water volume 0.70 
33 backwash water volume 0.67 
backwash water volume 0.67 
backwash water volume 0.67 
Graded 18 effluent quality index 45 0.72* 
19 effluent quality index 50 0.74 
34 terminal backwash quality 38 0.69 
terminal backwash quality 36 0.68 
terminal backwash quality 38 0.69 
35 backwash water volume 38 0.69 
backwash water volume 39 0.70 
backwash water volume 36 0.68 
36 iron removable from sand 49 0.74 
P^orosity is that of the top 3 in. layer in expanded state. 
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The fourteen experimental values of the optimum backwash for the 
uniform sand should be compared with the theoretically derived optimum 
of 0.70 in page 87 of this dissertation. The results of theory and 
experiment are remarkably consistent. The nine values for the graded 
sand need to be compared with the theoretically calculated result of 
optimum shear stress shown to be at a porosity of 0.72 of the top 3 in. 
layer. Again the consistency between theory and experiment is amazing. 
2. The evidence in the literature 
A few points need to be made regarding this optimum of 40-45 per­
cent for graded systems and the results reported in the sanitary engineer­
ing literature. The fact that effective backwash requires an expansion 
of about 50 percent for graded systems has been a well known rule of 
thumb in filtration design and practice. This rule developed originally 
from the work of Hulbert and Herring (46) in 1929. Their results have 
already been quoted in some detail in a previous chapter. 
Several workers have suggested during the last decade that expan­
sions of 20-25 percent maybe sufficient for effective backwash (9, 20, 
49, 71). None of these papers however, provide fundamental considera­
tions or experimental results which are valid to draw this conclusion. 
Baylis (9) suggested the figure without any experimental work. Camp 
et al. (20) reported this expansion as suitable for all filters, on the 
basis that serious problems did not occur in the operation of the 
Billerica water treatment plant. But it needs to be pointed out that 
the Billerica plant had multi media filters, and expansions of 20-25 
oercent easilv alvf» nrcrriRl pa nf OKMIF- n 70 in f-ho f"nn pnnl 1 awoT. 
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This can be seen in the results reported by these workers themselves. 
This, in fact, is additional evidence for the hypothesis of this 
dissertation. 
Johnson and Cleasby (49) reported an optimum of 16-18 percent for 
the Ames treatment plant. However, they did not backwash the filters 
at expansions greater than this figure of 16-18 percent after the 
dirtying run, even though the backwash system was capable of obtaining 
expansions of 21 and 22 percent. They based their conclusion on the 
fact that the water quality in the filtration run after backwash at 
16-18 percent was better than that of the dirtying run. The dirtying 
run was preceded by a backwash of 21-22 percent expansion for long 
durations, hence they deduced that 16-18 percent expansion was the 
optimum. Most of the experimental results of this dissertation also 
give a similar result, namely that the effluent quality in the dirtying 
run was often better than that of the filtration run. Still the optimum 
effluent quality clearly occurred at porosities of 0.70, since a defi­
nite maximum occurred at this porosity. Ulug's work (71) and the 
reasons which caused him to draw an invalid conclusion have already 
been dealt with in some detail. 
Thus, it is seen that careful analysis indicates that the results 
reported in the literature (46, 20) are consistent with the theory and 
experimental work of this dissertation. It also needs to be remembered 
that effective backwashing does not necessarily mean optimum backwash-
ing and due to the rather flat nature of the shear stress maximum it is 
possible to backwash filters effectively even though the optimum con­
dition is not obtained. In case one may be tempted to run away with 
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the idea that a lower expansion may result in a saving of washwater, 
Figs. 29, 33 and 35 need to be remembered. They clearly show that 
backwashing at lower expansions than the optimum necessarily results 
in the usage of larger amounts of washwater to achieve a given bed 
cleanliness. 
On the basis of the results reported by Camp et al. (20) it is 
probable that expansions of 20-25 percent will probably yield optimum 
cleaning of the coal layers in multi media filters. However, a further 
expansion maybe needed to remove the solids trapped in the sand-coal 
interface and the sand layer by further optimum cleaning. This requires 
a step-wise expansion of multimedia filters for optimum cleaning. This 
has already been shown by Rimer (60) to be the most effective backwash 
procedure, thus providing further evidence in the literature for the 
theory advanced in this dissertation. Experiments using similar pro­
cedures as those in this thesis, to verify more conclusively the ranges 
of optimum backwash for coal beds and multi-media filters are probably 
the most important experiments needed to extend this study. 
3. Rationalization of parameters and results 
It is necessary for the sake of completeness to dwell on whether the 
optima indicated by the various parameters are consistent with one an­
other and whether they can in combination be rationalized in terms of 
the best cleaning of the filter. It needs to be noted that these 
rationalizations are purely for the purpose of detailed analysis of 
the consistency of all the results, and are not in any way needed for 
proving the central thesis of optimum backwash. The experimental 
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results themselves have independently sufficed to prove that optimum 
backwash occurs at a porosity of 0.65-0.70. 
a. Cumulative effluent quality The effluent quality in the run 
following backwash is probably the most difficult to explain on the 
basis of the best cleaning of the sand. The chief difficulty lies in 
the fact that all the variables controlling filtration affect both 
halves of the dual runs, and the differences in which we are interested 
are extremely small. However, (i) by repeating the experiments so that 
each filter is subjected to all the expansions and hence reducing the 
variations from filter to filter, (ii) by considering cumulative differ­
ences in the effluent in runs A and B, thus magnifying the differences 
due to the different backwash rates, and (iii) by only considering 
comparative differences between the different filters during a single 
run, thus eliminating the differences that occur from run to run, it 
has been shown that the results of the variation of cumulative effluent 
quality index with porosity can be reproduced quite well in the two 
series of runs on uniform sand (series 1 and 2). 
The question arises, why does best cleaning of the sand produce 
the best cumulative effluent quality index in the next run. In filtra­
tion, the removal of suspended solids passes progressively to the deeper 
layers of the filter. Assuming the optimum backwash produces the 
cleanest filter throughout its entire depth, we could expect that as 
filtration proceeds the cleaner new layers of the bed brought into 
effect in filtration, causing the quality to continuously indicate 
improved performance over that of a less clean filter. Thus even 
though the differences in cleanliness between the tiiters backwashed 
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to different expansions are small, these cumulative effects in the 
filtrate quality should be detectable. This is a possible hypothesis 
for the improved effluent quality. 
b. Initial effluent quality The next question that would probably 
be asked is, why does not the improved cleaning also cause the initial 
effluent to indicate an optimum. The writer of this dissertation pro 
poses a hypothesis that not only answers this question, but also ansi 
another question in filtration theory and practice which has been noted 
by almost all researchers, but has still not been satisfactorily ex- • 
plained. This is the initial degradation of quality. It is hypothesized 
that the initial effluent quality is chiefly due to solids that have 
been shaken loose from the sand particles as the fluidized bed becomes 
a fixed bed. It has been found by all researchers that an initial 
degradation of the effluent occurs in most filter runs. Cleasby (24) 
using his own data as well as that in the literature showed that the 
maximum turbidity or iron content occurred at approximately the theoret­
ical time required to displace the water from the filter and the follow­
ing turbidimeter. If we accept the hypothesis that no collisions occur 
in the fluidized state, then when the bed is made a fixed bed the mate­
rial shaken loose will occupy the filter bed and will be flushed out 
during the Initial minutes of the filter run causing the degradation in 
quality. If this is the cause of the degradation in initial effluent, 
we should expect that an instantaneous closure of the valve will shake 
loose more material than a slow closure of the valve. Some experimental 
evidence for this hypothesis is presented in Fig. 23. However, more 
detailed work is necessary for a more definitive conclusiou. An 
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experiment using radioactive iron was proposed to provide this extra 
evidence, but it had to be omitted due to several unresolved problems. 
It is suggested that this is a possible avenue for further research. 
The above hypothesis, has some a posteriori justification, on the 
results of Figs. 21 and 22. These graphs show that there exists no 
direct correlation between the backwash expansion and the initial 
effluent quality. This is to be expected in these runs because the 
valve closure rate was kept identical in all the runs. Thus, the 
primary variable controlling the initial degradation seems to be the 
valve closure rate and the consequent jarring of the coated material 
from the sand grains, when they come in contact with one another on 
the fluidized bed being made a fixed bed. 
i' c. Backwash water quality and the sand wash experiments These 
studies provide the best and most direct evidence for optimum backwash 
effectiveness. From the Figs. 29, 33 and 35 it can be seen that usage 
of backwash water to obtain a given terminal backwash water quality is 
minimized by expanding the bed to the optimum porosities. The percent­
age savings in washwater from washing at the optimum porosity compared 
with an expansion of say 50 percent (porosity = 0.60) are of the order 
of 40 to 50 percent for series 1 and about 15 percent for series 2. 
Similarly, backwashing at 40 percent expansion saves approximately 30 
percent washwater compared with washing at 20 percent expansion to ob­
tain a terminal quality of 0.4 mg/1 for the graded sand in series 3. 
However, for backwashing to terminal qualities of 1.0 or 1,5 mg/1 
results in savings of washwater of only 6-8 percent. It should be 
recognized that these results of washwater savlù&â are scnicvhat 
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variable due to the fact that they are obtained from projections of 
curves such as In Fig. 31. Thus, It Is seen that even though theory 
predicts only small changes In the shear force Intensities around the 
maximum, savings in washwater volume can be made by operation at optimum 
conditions. 
The Iron washing experiment in Fig. 36 indicates that the thick­
ness of the coatings on the sand are minimized by optimum backwash. 
Comparing the optimum expansion at 48 percent with expansions of 20 
percent, it is seen that the amount of iron removable decreases by 
approximately 85 percent. Thus substantially heavier coatings will be 
left on the sand by backwash to expansions of 20 percent which are 
commonly used. These fundamental properties provide some long term 
means of controlling filtration in treatment plants. For example, by 
backwashing at optimum conditions the sand growth can be minimized, at 
plants where increased sizes may result in progressively poorer quality. 
These effects should be measurable over perhaps a period of about a 
year and full scale treatment plant operations should be studied for 
periods of about this length of time to provide additional evidence 
for the above conclusions. 
Theoretical considerations already discussed in detail. Indicate 
(1) a maximum dispersion in the turbulent backwashed solids-fluid 
regime, and (11) also indicate a maximum in the shear stress, around 
the porosity of 0.70. The above results should be analyzed with these 
two facts clearly borne in mind. The reason why the minimum backwash 
volume occurs Is because of the maximum in the turbulent dispersion. 
This causes the suspended solids to be dispersed from che backw^ alicJ 
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bed in the quickest way when backwashed at optimum conditions. This 
results in minimum use of washwater volume to obtain given terminal 
washwater quality. This general characteristic can be noted in all 
the Figs. 27, 30 and 31. 
In addition, the theory developed indicates a maximum shear stress 
at the porosities near 0.70. Thus, maximum removal of the coatings 
occurs at optimum backwash. Hence we should expect that the asymptotic 
terminal washwater quality reached, to have, the least concentrations 
of iron when backwashed under optimum conditions. Only the runs of 
series 3 were made with equal total volumes of washwater. This 
tendency for the optimum backwash water quality to reach the lowest 
concentrations of iron can be clearly seen in the graphs shown in Fig. 
31 for the series 3. The expansions of the graded sand corresponding 
to these asymptotic minima are 30 and 40 percent. 
The above two effects in combination cause the minima in the 
curves of backwash water quality (Figs. 28, 32 and 34) and backwash 
water volume (Figs. 29, 33 and 35) with porosity. In addition, the 
cause for the coatings on the sand to reach a minimum thickness under 
optimum backwash conditions is also explained by the maximum shear 
stress. 
Thus it is seen that the experimental results and the optimum 
backwashing theory are entirely consonant with one another. 
4. A concluding summary 
The results summarized and the analyses presented in this section 
give a complete picture of optimum backwashing. The experimental 
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results are entirely consistent with the theory of optimum backwash 
developed in a previous chapter and provide excellent confirmation of 
the theoretical results. It has been shown that optimum backwash 
simultaneously provides these advantages, (i) a better effluent in the 
following run, (ii) a lower head loss in the following run depending 
on the properties of the filtered solids, (iii) a minimum usage of wash 
water and (iv) a minimum growth of the coatings on the sand. This 
plurality of advantages should considerably improve the performance of 
most filtration plants, if optimum backwashing is put into operation. 
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VIII. DESIGNING FOR OPTIMUM BACKWASH 
A. The Effective Size as Controlling Parameter 
The following is a tentative model proposed for the design of 
optimum backwash systems for graded sand. It utilizes the mathematical 
model for expansion developed by the writer in a previous work (2) and 
combines it with the central result of this dissertation. 
Fig. 37 shows the sieve analyses of the graded sand and the top 
3 in. layer of the sand when it was fluidized to an expansion of 50 
percent. From the graphs it is seen that the 60, percent size of the 
top 3 in. layer is identical with the 10 percent size of the graded 
sand. 
Based on the above result it is postulated that the optimum con­
dition for graded sand can be determined as the expansion of the 10 per­
cent size or the effective size, treated as the average size of the top 
layer. This has some qualitative validity, as Hazen originally defined 
the 10 percent size as the size controlling the filtration characteris­
tics of the sand and we can expect most removals of suspended matter to 
be achieved by this sand size. 
B. An Illustrative Design Calculation 
Design Problem: 
Calculate the flowrate for optimum backwashing of a graded sand 
filter of effective size 0.45 mm and uniformity coefficient 1.47 which 
has a specific gravity of 2.648 and a fixed bed porosity of 0.412. The 
! - • I 
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Fig. 37. Sieve analyses of graded sand and the top 3 in. layer 
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hai-kwoHh wuLer Is at a temperature of 25^ (: and tlie sand Is fluidlzed in 
il 6 Inch diameter filter. 
Solution: 
Assume that the effective size of 0.45 mm is the 60 percent size 
of the top 3 in. layer for use in the Amirtharajah and Cleasby model 
for expansion (3). 
1 HO 0 Qii 
0.00381(dl'*')[Yf(Y_-Yf)] 
The minimum fluidizatlon velocity V _ = (60) 
0.88 y 
where, 
= minimum fluidizatlon velocity based on open tube in 
gpm/sq ft 
"^ 60% " percent finer size of particles in mm 
Yj = specific weight of fluid in Ib/cu ft 
Yg = specific weight of solid in Ib/cu ft 
}i = fluid viscosity in centipoise 
Hence, 
\f 
- 0.00381 X 0.45^ '^  ^[62.4(2.648 X 62.4 - 62.4)]°'** 
0.8954°'G8 
= 3.76 gpm/sq ft 
% - 8-45 (61) 
- 8.45 X 3.76 
= 31.8 gom/so ft 
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Therefore, 
1.0(g/cc) X 0.045(cm) X 30.48(cni/ft) X 3.76(gpm/sq ft) 
0.8954 X 10 ^ (poise)(g/cm sec/poise) X 448.8(gpm/cfs) 
= 1.29 
Re = 8.45 (Re) , 
o ml 
= 8.45 X 1.29 
= 10.9 
The following two equations have already been presented as Eqs. 53 and 
54. 
. = (4.45 + 
= 3.54 
V = KE* 
therefore, 
3.76 - K(0.412)3-54 
hence, 
K = 86.9 gpm/sq ft 
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It is assumed in the above calculation that the porosity of the top layer 
is the same as that of the entire bed. This is not exactly true in 
reality. A higher degree of accuracy can be obtained by using the actual 
porosity of the top layers. From the writer's optimum backwash theory 
the optimum porosity is given by, 
E = XILJLJI 
optimum n 
= (3.54 - 1) 
3.54 
= 0.72 
This calculated optimum porosity for the graded sand should be compared 
with the average of the optimum porosities measured by the various 
parameters and previously summarized in Table 8. This average of the 
experimental values for optimum porosity was 0.71 for the top 3 in. 
layer. 
The superficial velocity to obtain this porosity is, 
V = Ke" 
= 86.9 X 0.723-54 
=27.1 gpm/sq ft 
Optimum backwash velocity = 27.1 gpm/sq ft 
To determine the actual expansion of the graded sand it is necessary to 
recalculate the expansion of the graded bed for the superficial velocity 
Û1. ^ . J. jî^piu/ J. i.  i. L. Ë»ilOUXU UC iiu Leu uiîâu Uiic O^UJLÛÂuIÛ pdTCSitjT cf 0.72 
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calculated above refers to the top 3 in. layer only, and cannot be used 
to calculate the percentage expansion of the total bed. The method of 
calculating the expansion of a graded bed for a given superficial 
velocity has already been dealt with in detail elsewhere (2, 3) and will 
not be repeated here. For the graded sand the expansion corresponding 
to the flow rate of 27.1 gpm/sq ft is 49 percent. 
A further fact regarding the optimum backwash for graded sands needs 
to be noted. The larger sand sizes at the lower sections of the bed 
have larger values of the Reynolds No. for settling Re^ . Thus the value 
of n from Richardson and Zaki's Eq. 53 is also reduced. However, the 
effect of the reduction is small since the power of Re^  involved in the 
equation for n is -0.1. In any case, the decreased value of n results 
in a reduced value for the optimum porosity given by  ^ . For 
example, the 60 percent size of the graded sand is 0.66 mm. It has an 
n value of 3.2 and hence an optimum porosity of 0.69. Thus, it is seen 
that the reduction in porosity from that of the top 3 in. layer is rather 
small. However, this reduction in optimum backwash for coarser material 
predicts the correct trend. This conclusion was also drawn on the basis 
of shear force calculations by Johnson and Cleasby (49). This fact also 
aids in the optimum backwash of graded systems. It means that, when 
the topmost layers reach their optimum porosity, the larger particles 
lower down are also simultaneously closer to their optimum backwash, 
since the optimum for the larger particles is less than that for the 
smaller particles. This reduction in the value of the optimum porosity 
for the larger particles produces a better cleaning of a graded bed, in 
comparison with a system which has no such effect. 
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The above model, especially the use of the effective size as con­
trolling the optimum backwash characteristics is based on very limited 
data. The equality of the 60 percent size of the top layer and the 10 
percent size of the whole graded bed shown in Fig. 37, occurred by chance 
on analyzing the top 3 in. of the bed when flvidized to an expansion of 
50 percent. The top 3 in. analyzed corresponded to the top 2 in. of the 
fixed bed. An analysis of the top layer of the fixed bed of any other 
thickness other than 2 in. will not produce this relation between the 
60 percent size of the top 3 in. fluidized layer and the 10 percent size 
of the whole fixed bed. The 3 in. fluidized layer at 50 percent expan­
sion was chosen for analysis, as the porosity of this layer matched the 
theoretical results of optimum porosity. Thus, the relation between 
the 60 percent size in the top layer and the 10 percent size of the 
whole graded sand which was obtained from a 50 percent expansion holds 
only for this value of expansion. However, the above method should 
give reasonable predictions of the expansions needed for optimum back-
washing of graded systems. 
For a more sophisticated model it is necessary to optimally bal­
ance the variations of suspended solid removal from top to bottom in 
the filter, with the gradations in media size and hence obtain an 
integrated result for a graded system. This is probably the next 
significant theoretical improvement that can be made to the writer's 
mathematical theory of optimum backwash. 
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IX. SUMMARY AND CONCLUSIONS 
The goal Cowards which Lhis dlBaertation was directed was to pro­
vide a study of the optimum backwash of sand filters in a closed cycle 
of theory and experiment. The work was founded on the solid base of 
turbulence theory and the fluidization literature, and the major threads 
of development leading to the central conclusions can be traced as 
follows. 
The review of the literature in sanitary engineering indicates that 
upto the present time, filter backwashing is dominated by rules of thumb 
and designed by rules from experience. Since a backwashed filter is a 
particulately fluidized bed, the studies in fluidization are directly 
applicable to it. During the last two decades, studies in fluidization 
have uncovered significant properties of a fluidized bed which are 
directly useful in studies of filter backwashing. They are as follows: 
(i) Particle collisions in a fluidized bed do not occur to any 
significant extent. Hence abrasion as a mechanism of cleaning a back-
washed filter is of negligible importance. Theoretical reasons, exper­
imental results and a posteriori justifications, have been used by 
several researchers to prove this point. This fact of negligible 
collisional interactions is also permeating the sanitary engineering 
literature. 
(ii) The interaction of the suspended solids and the fluidizing 
fluid within a fluidized bed creates random fluctuating velocities 
having statistical means over sufficiently long periods. This causes 
a fluidized bed to have fundamental similarities to a turbulent fluid 
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field, and Taylor's theory of statistical turbulence can be applied to 
it. 
(iii) Application of Taylor's theory of diffusion to determine 
the dispersion characteristics of a particulately fluidized bed leads 
to the important result that most turbulence parameters such as eddy 
diffusivity, Peclet No. and the scale of turbulence maximized at ex­
panded porosities of 0.65-0.70. Thus, optimum dispersion in the fluid 
field occurred at these porosities. 
The basics of turbulence needed to understand the development of 
Taylor's theory, and the major results obtained by applying the statis­
tical theory of turbulence to fluidization, such as the optima at the 
porosity of 0.70, are presented in detail in the initial chapters of 
this dissertation. 
The fact of negligible particle collisions and the consequent 
limited cleaning by abrasion shows that the fluidized bed is an inher­
ently unsatisfactory process for cleaning a dirty filter. Since the 
main mechanism of cleaning is due to hydrodynamic effects, it was 
hypothesized by the writer of this dissertation, that within the con­
straint that fluidization is not an excellent process for cleaning, the 
best cleaning that can be achieved is to expand the bed to the 
porosities of 0.65 to 0.70; this being the range of porosities wherein 
most turbulence parameters had a maximum. 
Using the above hypothesis as a basis, a theoretical investigation 
was made to determine if it could be shown that a maximum did occur in 
the hydrodynamic shear at the expanded porosity of 0.65-0.70. 
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A new mathematical theory for optimum backwash was hence developed 
by the writer in Chapter V by combining the following three well known 
equations. 
Camp's equation for shear stress. 
S = /[WgP^  ^  (^ )] (51) 
The constant head loss equation for fluidized beds. 
<s> • "• ' t" ' " 
Richardson and Zaki's equation for the superficial velocity as modified 
by Amirtharajah and Cleasby (3), 
V = (53) 
Elimination of (^ ) and V from the equations gives the important 
equation of the new theory which relates the shear stress to the 
porosity. 
S = a - e") (55) 
Using classical optimization theory and differentiating S with respect 
to e gives the result for maximum shear stress. 
Porosity for maximum shear stress, ~ 
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The value of n for the sands normally used in filtration are 3.1-3.4. 
Substituting these values of n in the above equation gives the result 
that the maximum shear stress occurs at porosities of 0.68-0.71. 
Thus, the new theory gives a result which is deducible mathemat­
ically, that a maximum in the hydrodynamic shear also occurs in the 
same range of expanded porosities (0.65-0.71) as that indicated by the 
maxima in the turbulence parameters. 
The entire experimental investigation was designed to verify the 
above theoretical result. Two series of 6 dual runs each, were made on 
a bank of three filters containing 12 in. deep uniform sands. All three 
filters were dirtied under identical conditions and then backwashed at 
different expansions. A run following the backwash was used to compara­
tively evaluate the effectiveness of backwash on the effluent quality 
and the head loss Increase in the run following backwash. A precision 
calibration technique was used to measure the effluent quality accurately 
and the experiment was designed to nullify the effects of the variation 
from run to run and from filter to filter. Five different parameters, 
(a) effluent quality index, (b) initial effluent quality, (c) head loss 
increase, (d) terminal backwash water quality and (e) backwash water 
volume were used to evaluate the effectiveness of backwash at different 
porosities ranging from 0.55 to 0.78. The results are summarized in 
Table 8 and indicate that every one of these parameters excluding the 
initial effluent quality had an optimum in the range of 0.65-0.72. The 
calculated theoretical result for optimum backwash for this sand was, 
at an expanded porosity of 0.70. The calculation procedure for deter­
mining n uses the expansion model of Amirtharajah and Cleasby (3) and 
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lu aliowu for the gr«H#»d sand in tlie previous chapter. A hypothesis 
that the initial effluent quality is a function of the valve closure 
rate, with some limited experimental results has also been presented 
to show why this parameter did not indicate the optimum. The parameters 
indicate that optimum backwashing aids several characteristics of fil­
tration. In particular suspensions, a simultaneous improvement of head 
loss and effluent quality can be obtained. The backwash water volume 
parameter indicates that optimum backwash can result in savings of 
washwater of the order of 20-25 percent from the backwash rates being 
used presently. 
The optimum porosities of 0.65-0.70 for uniform sands require ex­
pansions of the order of 75 to 100 percent. If these are the expansions 
required then the above studies are of purely theoretical interest. 
However, it was hypothesized that for graded systems the filtered solids 
were removed in the upper layers of the filter which were composed of 
the smaller particles of sand. Thus expansions of far smaller degree 
for graded systems should provide the necessary porosities for optimum 
backwash. The next stage of the experimental investigation studied 
optimum backwash for a typical graded sand. 
The third series of 6 dual runs was made on the graded sand for 
backwash expansions of 15 percent to 75 percent. These expansions had 
porosities of 0.58-0.82 in the top 3 in. layer of the expanded bed. 
Similar criteria as those used for the uniform sand were used to eval­
uate the effectiveness of the different backwash expansions. In 
addition, an extra criterion based on a physical wash with a magnetic 
stirrer which caused cleaning by abrasion on samples of sand after 
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backwash was also used. The results for the graded system are also 
summarized in Table 8 and showed that all these parameters indicated an 
optimum backwash at expansions in the range of 38-49 percent. These 
expansions corresponded to measured porosities of 0.69-0.74 in the top 
3 in. layer of the fluidized beds. The calculated theoretical result 
for optimum backwash of this graded sand is presented in Chapter VIII. 
It indicates that the optimum porosity is 0.72 in the top 3 in. layer. 
Thus it is seen that excellent confirmation of the theoretical 
deductions is given by the experimental results. They also prove that 
optimum backwash of graded systems can be utilized in practice and en­
lightened operational practices should result in savings of washwater 
volume of the order of 20-25 percent. 
A mathematical model for designing optimum backwash systems is 
also presented in the previous chapter. It combines the expansion 
model developed by the writer in a previous study (2, 3) with the 
present optimum backwash theory. Using the model the actual flowrate 
and the corresponding expansion for optimum backwash of a graded system 
can be calculated for purposes of design. 
The following are possible studies which need to be made to extend 
and amplify the results of this dissertation. 
(i) Optimum backwash studies of graded coal systems, similar to 
the experimental studies presented here. It is predicted that optimum 
expansions will probably result in the range of bed depth expansion of 
20-25 percent, since coal beds have fixed bed porosities of the order 
of 0.50. 
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(il) Optimum backwash studies of multi-media systems. Based on the 
writer's theory it is expected that step-wise increases of wash will 
probably give the optimum backwash. Rimer (60) has already presented 
some evidence confirming this result. 
(iii) The most immediate theoretical development required is the 
development of a more sophisticated model for optimum backwash of graded 
systems. The model should attempt to optimally balance the variation 
of suspended solids removal with depth, with the gradations in media 
size. 
An attempt has been made in the above dissertation to provide a 
fundamental study of backwashLng sand filters, complete in theory and 
experiment, for determining optimum systems. It is hoped that the 
primary philosophy of the scientific method - argument and experience 
as enunciated by da Vinci and stated in the opening paragraph would 
have been achieved in this work, at least in some small extent. 
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